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- One cannot escape the Jeeling that these -

mathematical formulas have qn -

of 'tl_iez'r own, that they are wiser than we B

are, wiser even than theiy dzlscovergfk, that - g

we get more out of them than was
originally put into them, |

| ' —HEI&#(CH Hénrz
How can it be that mathema'tic.s.', a
product of human thought independent of
experiehce, is so admirably adapted to. the
objects of reqli ty?.

.~—ALBERT EINsTEIN

For on-fine sfudent resolirces, visit the Brase/Brase,

Understandabie Statistics, 9th edition web site a
coﬂege.hmco.com/pic/braseUS%.

Independent existence and an intelligence .~ Sk

8.1 Graphs of Norma] Probability Distributions

£.2 Standard Units and Areas Under the Standard
Normal Distribution

6.3 Areas Under Any Normal Curve
6.4 Normal Approximation to the Binomial Distribution

Heinrich Hertz {(1857-1894) was a pioneer in
the study of radio waves. His work and the
later work of Maxwell and Marconi led the
Wway to modern radio, television, and radar

matics and real-world applications cannot help
but marvel ar how the “pure thought” of the




NORMAL DISTRIBUTIONS

PREVIEW QUESTIONS

What are some characteristics of a normal distribution? What does the
empirical rule tell you about data spread around the meon? How
can this information be used in guality controf?  (Secon 6.1)

Can you compare apples and oranges, or maybe elephants and
butterflies? In most cases, the answer is no~unless you first
standardize your measurements, What are a standard notmal
distribution and a standard z score? (SecTiON 6.2)

How do you convert any normal distribution to a standard normal

distribution? How do you find probabilities of “standardized
events”?  (secmow 6.3)

The binomial and normal distributions are two of the most important
probability distributions in statistics. Under certain limiting
conditions, the binomial can be thought to evolve (or envelope)

into the normal distribution. How can you apply this concept in
the real world? (Secrion 6.4)

FOCUS PROBLEMS
avivm Showe: Bow Many

. For many years, Denver, as well as most other cities,
has hosted large exhibition shows in big auditoriums.
These shows include house and gardening shows, fish-
ing and hunting shows, car shows, boat shows, Native
American powwows, and so on. Information provided
bv Denver exposition sponsors indicates that most

shows have an average attendance of about 8000 peo-
B ple per day with an estimated standard deviation of
zbout 500 people. Suppose that the daily attendance
Zgures follow a normal distribution.

a) What is the probability that the daily artendance
will be fewer than 7200 people?

‘bl What is the probability that the daily attendance
will be more than 8900 people?

2) What is the probability that the daily attendance
will be between 7200 and 8900 people?

Most exhibirion shows open in the morning and close
= the late evening. A study of Saturday arrival times




[ doors open, and the standard deviation was estimated at about 52 ming
| Suppose that the arrival times follow a normal distribution.

!

]

{a) At what time after the doors open will 90% of the people who are cor
to the Saturday show have arrived?

! {b) At whar time after the doors open wiil only 15% of the people who .
coming to the Saturday show have arrived?

(¢} Do you think the probability distributiop of arrival times for Friday mig
be different from the distribution of arrjval times for Saturday? Expla:
{See Problems 36 and 37 of Section 6.3.)

SECTION 6.1 Graphs of Normal Probability Distributiong
FOCUS POINTS

* Craph a normat curve and summarize its important propetties.
* Apply the empirical rule to solve real-world problems.

* Use control limits to constryct control charts. Examine the chart for three possible out-cf-control signals,

One of the most important examples of a continuous probability distribution i
the normal distribution, This distribution was studied by the French mathemari-
cian Abraham de Mojvre (1667-1754) and later by the German mathematiciar
Carl Friedrich Gauss (1777-1855), whose work is $0 important that the normaj
distribution is sometimes called Gaussian. The work of these mathematicians pro-
vided a foundation on which much of the theory of statistical inference is based.
Applications of a norma probability distribution are so numerous that some

i@

A rather complicated formula, presented later in this sectton, defines a normal
distribution in terms of # and o, the mean and standard deviation of the popula-
tion distribution. It js only through this formula that we can verify if a distribution
Is normal. However, we can look ar the graph of a normal distribution and get a
good pictorial idea of some of the essential features of any normal distribytion,

Normat curve The graph of a normal distribution is called 4 7ormal curve, It possesses a
shape very much like the Cross section of a pile of dry sand. Because of is shape,
blacksmiths would sometimes use a pile of dry sand in the construction of a mold
for a bell. Thus the norma] curve is also called a bell-shaped curuse {see Figure 6-1).

We see that g general normal curve s smooth and symmetrica] abour the
vertical line extending upward from the mean #. Notice that the highest point of
the curve occurs over & 1t the distribution were graphed on a piece of sheet meral,
cut out, and placed on a knife edge, the balance point would be ar M. We also see
that the curve tends to level out and approach the horizonta] {x axis) like a glider
making a landing. However, in mathematica) theory, such a glider would pever

peaked. Figure 6-1 shows the normal curve cupped downward for ap interval on
either side of the mean k- Then it begins o cup upward as we go to the lower part
of the bell. The exact places where the transition between the upward and down-
ward cupping occur are above the poines Mt oandu - o, In the terminology of
caleulus, transition points such as these are called inflection points,
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- FIGURE 6-1 Highest paint of curve
‘ Bownward cup
A Normal Curve N

o p+t2e p+ 30
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®

K—3¢ p-20 pu-~g
Important properties of a normal curve

1. The curve is bell-shaped, with the highest point over the mean .

2. The curve is symmetrical abour a vertical line through 4.

3. The curve approaches the horizontal axis but never touches or crosses it,
4,

The inflection (transition) points berween cupping upward and down-
ward occur above . + o and i - o-.

The parameters that control the shape of a normal curve are the mean & and
the standard deviation o. When both # and o are specified, a specific normal
curve 1s determined. In brief, u locates the balance point and o determines the
extent of the spread.

A G s
o P TS

Look at the normal curves in Figure 6-2.

FIGURE 6-2

I i N
m"r H ‘i \-\ B
- £ ?i, Ry,
i i S P S-S
-2 0 2 4 6 8 10 12 14
- Do these distributions have the same mean? If ™=> The means are the same, since both graphs have the
so, what is it? high point over 6. i = 6,

=; One of the curves corresponds to a normal > Curve Ahaso = 1and curve B has o = 3. (Since
distribution with o = 3 and the other to one curve B is more spread out, it has the larger o
with & = 1, Which curve has which o value.)

COMMENT  The normal distribution curve is always above the horizontal
axis. The area beneath the curve and above the axis is exactly 1. As such,
the normal distribution curve is an example of a density curve. The formula
used to generate the shape of the normal distribution curve is called the
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WA A e AA ARG The total area under any normal curve studied in this book will alwfﬂy; bme“
The graph of the normal distribution is important because thet portion 0 the
under the curve above a given interval represents the probability that a measure
ment will lie in that interval. i "

In Section 3.2, we studied Chebyshev’s theorem. This theorem gives us “:1 Ord
; A .

mation about the smallest proportion of dara thar lies within 2, 3, or & s;an ar
deviations of the mean. This result applies to any dxstmbuuon..l-lo}vevlen 0; “CK"
mal distributions, we can get a much more precise result, which is given by the

Empirical rule empirical rule.

v
H

Empirical rule

For a distribution that is symmetrical and bell-shaped {in particular, for a
- normal distribution):

Approximately 68% of the data values will lie within one srandard
deviation on each side of the mean.

Approximately 95% of the data values will lie within rwo standard
deviations on each side of the mean.

Approximately 99.7% (or almost all) of the data values will lie within
three standard deviations on each side of the mean.

The preceding statement is called the empirical rule because, for S}"mmem‘_:al’
bell-shaped distributions, the given percentages are observed in practice.
Furthermore, for the normal distribution, the empirical rule is a d%rect conse-
quence of the very nature of the distribution (see Figure 6-3). NOUCC ri}at _1’1"3
empirical rule is a stronger statement than Chebyshev’s theorem in that it gives
definite percentages, not just lower limits. Of course, the empirical rule n’=lPPh‘3,5
only to normal or symmetrical, bell-shaped distributions, whereas Chebyshev’s
theorem applies to all distributions.

FIGURE 6-3

Area Under a Normal Curve
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for  and o should be reasonably close to actual data raken when the process Wai
operating at a satisfactory production Jevel, In Example 2, we will make a Cc?ﬂf‘ff’
chart; then we wif] discuss ways ro analyze it to see if a process or service is “in
control,”

CONTROL CHART

Susan Tamara is direcror of personnel ar the Antlers Lodge in Denali National
Park, Alaska. Every summer Ms, Tamara hires many part-time employees from
all over the Unired Stages, Most are college students seeking summer employ-
ment. One of the biggest activities for the lodge staff is that of “making up” the
rooms each day. Although the rooms are supposed to be ready by 3:.30 PM., thef‘i
are always some rooms not made up by this time because of high personne
turnover,

Every 15 days Ms. Tamara has a general scaff meeting at which she shows a con-
trol chart of the number of rooms not made up by 3:30 p.uv. each day. From extensive
experience, Ms. Tamara is aware that the disibution of rooms not made up by 3:'30
P-M. 1s approximately normal, with mean s = 19.3 rooms and srandard_ d'ewat!on
o = 4.7 rooms. This distribution of x values is acceptable to the top administration

of Antlers Lodge, For the past 15 days, the housekeeping unit has reported the num-
ber of rooms not ready by 3:30 p.M. (Table 6-1). Make a control chart for these data.

Number of Rooms x Not Made Up by 3:30 p.m.

Day [ 1 2 3 4 5 86 7 8 9 10 1 1213 14 15

X 11 .20 25 25 16 49 g 25 17 20 25 29 18 14 10

SOLUTION: A control chart for a variable x is 3 plot of the observed x ‘_’aflles (ver-
tical scale) in time sequence order (the horizontal scale represents time). Place
horizontal lines ar

the mean 4 = 193
the control limits HElor =193+ 2(4.7), or 9.90 and 28.70
the control limits HE30r=193 = 3(4.7), or 5.20 and 33.40

Then plot the dara from Table 6-1. (See Figure 6-7.)

3340 - -~ - - o - _ _ _ ,,._.,...,__u___._ﬁ_u—-—r--—-"H+3cr

2870 - -~~~ ~_- - _ . _ ﬁ.ﬁ__..._,,.._v.::o~r--- e e M+ 20

19.30 T i.‘ti?_* 3 {;;-O




Dui-ai-conirol waining signals

Qut-of-Control Signal 1

o)

o

Qut-of-Control Signal il

- + 3o
|* What is the probability that signal I will be a false alarm? By the

empirical rule, the probability that a point lies within 3o of the mean
is 0.997. The probability that signal I will be a false alarm 13

# 1 - 0.997 = 0.003. Remember, a false alarm means that the x
distribution is really on the target distribution, and we simply have
a very rare (probability of 0.003) event.

n— 30

- -1
850" ©

00

Out-of-Control Signal 1l

0o T 000 o°

6 6

A — 20

W+ 20

T "Onee we have madeé @ COIUIUL Litary, a- ) .o
As time goes on, is the x variable continuing in this same diStl"ibL}thl:l, or is the
distribution of x values changing? If the x distribusion is continuing In MO or
less the same manner, we say it is i statistical controf. 1f it is not, we say 11
out of control.

Many popular methods can set off a warning signal that a proce Y
control. Remember, a random variable x is said to be out of control if successive
time measurements of x indicate that it is no longer following the target PfObab‘]'
ity distribution. We will assume that the targer distribution 1s (approxlmatel}'-
normal and has (user-set) target values for pand o.

Three of the most popular warning signals are described next.

........

ess is out OF

Out-of-contro! signals
1. Out-of-Control Signal I; One point falls beyond the 30 level

2. Out-of-Control Signal II: A run of nine consecutive points on one
side of the center line (the line at target value g
To find the probability that signal II is a false alarm, we observe that
if the x distribution and the rarget distribution are the same, then
there is a 50% chance that the x values will lie above or below the
center line at u. Because the samples are (time) independent, _the'
probability of a run of nine points on one side of the center line is
(0.5)? = 0.002. If we consider both sides, this probability becomes
0.004. Therefore, the probability that signal [Lis a false alarm 15
approximately 0.004.

Out-of-Control Signal Il: At least two of three consecuiive points lie
beyond the 2o level on the same side of the center line

To determine the probability that signal IIl will produce a false alarm,
we use the empirical rule. By this rule, the probability that an x value
will be above the 2o level is about 0.023. Using the binomial
probability distribunon {with success being the point is above 2a),
the probability of two or more successes out of three trials is

3!

310

3! i - a3
W(O.OE3)‘(O.99/) + (0.023)* = 0.002

Taking into account both above and below the center line, it follows
that the probability that signal Hl is a false alarm is about 0.004.

Remember, a coatrol chart is only a warning device, and it 18 possible to g€
a false alarm. A false alarm happens when one (or more) of the OUt‘Of'_Con_tmi
signals occurs, bur the x distribution is really on the target of assigned distribu-
tion. In this case, we simply have a rare event (probabiliry of 0.003 or 0-004_:-
In practice, whenever a control chart indicates that a process is out of contro.-
it is usually a good precaution to examine what is going on. If the process ¥
out of control, corrective steps can be taken before things get a lot woIse. hc_
rare false alarm is a small price to pay if we can avert what might become
real trouble.
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3. Critical Thinking Look at the two normal curves in Figures 6-12 and 6»1;’?-
Which has the larger scandard deviation? Whar is the mean of the curve in
Figure 6-123 What is the mean of the curve in Figure 6-13;

FIGURE 6-13

FIGURE -1

P

n

Critical Thinking Skerch a normal curve

(a} with mean 1§ and standard deviation 2.

(b} with mean 15 and standard deviation 3.

(c) with mean 12 and standard deviation 2.

(d) with mean 12 and standard deviation 3.

(e) Consider two normal curves. If the figst one has a larger mean than the second
one, must it have a larger standard deviation as well? Explain your answer,

Critical Thinking What percentage of the area under rhe normal curve Les
(a) to the lefy of u?

(b) berween A—ogand y + g3

{c) berween L= 3gand u + 3o

Critical Thinking What percentage of the area under the normal curve lies
{a) to the righr of w?

(b} berween M= 20 and yu + 2

{c) tothe tight of p + 3¢

S B -owr’s Assuming thar the heights of college women are
normally distributed with mean 65 inches and standard deviation 2.5 inches
(based on information from Statistical Abstracr of the United States, 112th
Edition), answer the following questions. {(Hint: Use Problems § and 6 and
Figure 6-3.)

{a} Whar bercentage of women are tafjer than 65 inches?

(b} What percentage of women are shorter than 65 inches?

AN KPR

E

! (¢} What percentage of women are berween 62.5 inches and 67.5 inches?

- (d) Wh

Red chicks

at percentage of women are berween 60 inches and 70 inches?

i Rlandy sl T L7 The incubation time for Rhode Island
is normally distributed with mean of 21 davs and standard devia-
tion of approximately 1 day (based op information from World Book

a0 i

Encyclopedia). Look ar Figure 6-3 and answer the following questions. If
! 1000 €ggs are being incubated, how many chicks do we expect will hatch

:{a) in 19 to 23 days?

t (b} in 201022 days?

' {c) in21 days or fewer?

! {d) in 18 to 24 days? (Assume all eggs eventually hacch.)

- {Note: In this problem, ler ug agree to think of 3 single day or a succession of

i days as a continuous interval of rime,)

7

fee- g




¢ bxcavation Froject: dmmer 1Y3Y EXCAVANIONS T DUTAL vMESa Iieplo, ealed

by Kohler, Washington State University Department of Anthropology). The

. distribution of dates was more or less mound-shaped and symmetrical about

. the mean. Use the empirical rule to
- {a) estimate a range of years centered about the mean in which about 68% o*

the data {tree-ring dates) will be found.

© (b) estimate a range of years centered about the mean in which about 95% of

the darta {tree-ring dates} will be found.

" {c) estimate a range of years centered about the mean in which almost all the

10.]

1. i

dara (tree -ring dates) will be found.
Ce % Dok A vending machine automatically pours sof:

drmks into cups. The amount of soft drink dispensed into a cup is normally dis- -
tributed with a mean of 7.6 ounces and standard deviation of 0.4 ounce.
Examine Figure 6-3 and answer the following questions.

(a) Estimate the probability that the machine will overflow an 8-ounce cup.

(b} Estimate the probabilicy that the machine will not overflow an 8-ounce cup-

" {c} The machine has just been loaded with 850 cups. How many of these do yor

expect will overflow when served?
+ “Effect of Helium-Neon Laser Auriculotherapr

. on Experlmental Pam Threshold” is the ritle of an article in the journal Physrc.
. Therapy (Vol. 70, No. 1, pp. 24-30). In this article, laser therapy was discussed a:

" a useful alternative to drugs in pain managemenc of chronically il patients. T,

measure pain threshold, a machine was used that delivered low-voltage direct cuz

. rent to different patrs of the body (wrist, neck, and back). The machine measurez

current in milliamperes {mA). The pretreatment experimental group in the stud
had an average threshold of pain (pain was first detectable) at p = 3.15 mA wit
standard deviation o = 1.45 mA. Assume that the distribution of threshold pair..’
measured in milliamperes, is symmetrical and more or less mound-shaped. Use th:
empirical rule to :
(a) estimate a range of milliamperes centered about the mean in which abou:
68% of the experimental group will have a threshold of pain.
(b} estimate a range of miiliamperes centered about the mean in which aboeu:
95% of the expenrnental group will have a threshold of pain.

2 teilon #f Pl Yellowstone Park Medical Service
(YPMS) prov:des emergency hcalth care for park visitors. Such health c:
includes treatment for everything from indigestion and sunburn to more seric:+
injuries. A recent issue of Yellowstone Today (National Park Service Publicaric:
indicated that the average number of visitors treated each day by YPMS wus:
21.7. The estimated standard deviation was 4.2 {summer data). The distributic-
of numbers treated is approximarely mound-shaped and symmerrical.
{a) Fora 10-day summer period, the following data show the number of visite:
treated each day by YPMS:

Day 1 2 3 4 5 ) 7 8 9 1C
Number treated 25 19 17 15 20 24 30 19 16 2%

Make a control chart for the daily number of visitors treated by YPMS, a-
plot the data on the controf charr. Do the dara indicate that the number
visitors treated by YPMS is “in control”? Explain vour answer.

(b) For another 10-day summer period, the following data were obrained:

Day 12 3 4 5 6 7 8 9 il
Number treated 20 15 12 21 24 28 32 3 35 %
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Make a control chart, and plot the data on the chart. Do the data indicate
that the number of visitors treated by YPMS is “in control” of “out of
control”? Explain your answer. Identify all out-of-control signals by type (1,
i 00, or IH). If you were the park superintendent, do you think YPMS mighe
: need some (temporary) extra help? Explain.

[N
LSS L

: ¢ ~wris Tri-County Bank is a small independent bank in
central Wyoming. This is a rural bank that makes loans on items as small as
horses and pickup trucks to items as large as ranch land. Total monthly loan
requests are used by bank officials as an indicator of economic business
conditions in this rural community, The mean monthly loan request for the past
several years has been 615.1 {in thousands of dollars) with a standard deviation
of 11.2 (in thousands of dollars). The distribution of loan requests is
approximately mound-shaped and symmetrical.

" (a) For 12 months, the following monthly loan requests {in thousands of dollars)
| were made to Tri-County Bank:

Month 1 2 3 4 5 6
Loan request 619.3 625.1 610.2 6142 630.4 615.9

I
i
i
i
i
;
!
:
i

Month 7 8 9 10 i 12
Loan request 6172 6101 5927 5964 s5g5q 588.2

Make a control chart for the total monthly loan requests, and plot the
preceding data on the control charr, From the control chart, would you say
the local business economy is heating up or cooling down? Explain your
answer by referring to any trend you may see on the control chart, Identify
all out-of-control signals by type (1, I, or II1).

(b) For another 12-month period, the following monthly loan requests (in
thousands of dollars) were made to Tri-County Bank:

H
i
i
|
i
|
{
i
|
|
i
{
!
!
i
i
i
H
i
i
]
i
i
:
i

Month ! 2 3 4 ) 6
! Loan request 608.3 610.4 615.1 617.2 6153 622.1

; Month 7 8 9 10 11 12
Loan request 625.7 633.1 635.4 625.0 628.2 619.8

Make a control chart for the toral monthly loan requests, and plot the preced-
: ing data on the control chart. From the control chart, would you say the local
business economy is hearing up, cooling down, or about normal? Explain
your answer by referring to the contro! chart. Idenrify all our-of-control
signals by tvpe (I, I, or THI).

senli e Bloiel Boon: The manager of Motel 11 has 316 rooms m Palo

Alto, California. From observarion over » long period of time, she knows that on

an average night, 268 rooms will be rented. The long-term standard deviation i

12 rooms. This distribution is approximately mound-shaped and symmetrical.

(a) For 10 consecutive nights, the following numbers of rooms were rented
each night:

Night 1 2 3 4 5 5

MNMismmbhar Af reme e ]
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Number of rooms \ 290 286 263 240

i for ™

Make a control chart for the number of rooms rented each night, and puld
the preceding data on the control chart, Looking at the control .charktl, Wf -
vou sav the number of rooms cented during this 10-night period has heet
expected? Explain you:

unusually low? unusually high? abour what was

answer. Identify all out-of-control signals by tvpe (4, 11, or I -
© {b) For another 10 consecurive nights, the following numbers of rooms were
' rented each night:

e
Night 1 2 3 ___i.__—-——S-—-—-‘G"'
Number of rooms | 238 245 261 269____2_7_':’1‘__3‘_3'9___
Night 7 8 9 10

Number of rooms 24 230 215 211__

Malke a control chart for the number of rooms rented each night, and plO"
the preceding data on the control chart. Would you say the room occupant:

has been high? low? about what was expected? Explain your answer
Identify all out-of-control signals by type (1, 11, or . ‘
15, Coggesl Ce L0r Polulion The visibility standard index (VSl) is a rn(i:asurc 0_:
i Denver air pollution that is reported each day in the Rocky Mountain Ne_w:-
The index ranges from 0 (excellent air quality) to 200 {very bad aif quality!.
. During winter months, when ait pollution is higher, the index has a mean o. .
. about 90 {rated as fair) witha standard deviation of approximasely 30. Suppost -
' that for 13 days, the following VSI measures were reported each day:

b _-——!-'_'_-_‘_-—.—-—-— s
, Day 1 2 3 4 5 6 __1____%______?____
Vsl &0 115 100 90 15 10 53 ;i___?_‘?__
Day |- 10 1 12 13 14 15

Vsl Lo 165 160 120 140 195

; Make a contro! charr for the VSI, and plot the preceding data on the con‘irr?):
+ chart. Identify all out-of-control signals (high ot low) thatyou find in the contro-

" chart by type (I, 1, or 1I0).

Plsena i cond F Fiadés . - tr . : TP I mena ol Dietribut ioi
Sapdard Unite and Areas Under the Standerd Norma! Digivibutiod
FOCUS POINTS

« Given gt and o, convert raw data to z scores.

« Given g and o, convert z SCOTES 10 raw data.

. Graph the standard nommal distribution, and find areas under the standard normat cunve.

= Soores and Raw SCores

e — Lr i e S

ways: The mean [ masy
may be more Of less spt
The differences among

Normal distributions vary from one anothes in two
located anywhere on the x axis, and the bell shape
according to the size of the standard deviarion &.
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final exap, were Notmally d; tributed, 454 the z

, Scores for some of the studen s
. Are shoyp below.

Robert, 1.10 Juan, 1,79 Susaq, ~ g

Joel, 0,00 Jan, ~0.80 Linda, 1.60

cored helgyw the meap>

= 150 wirh Standard deviation o =20, whar was
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s between 7 and S mopehe old in Mes, Verde Nationa]
ight thar i approximarely normafly distribuged with mean
ard deviatio o o 4.3 kilogramg (based on infoy.

large, would yoy Say that the value for the weight of
2, 0r 33 Explain,

red blogd cell (RBC) coung jp mullions

LTI Let x = !
ood. For healthy females, x has ap approxi-

inrervals.
fa) 4.5 < o b) x <4,
Converr each of ¢fy

{c) 4.0 < <35

e following Z incervals o X interva]g.
ifd) z< = . {e) 1.28 <, (£ ~7.25<z<—100
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cated intervals, and find the specified areas.
11.; Tothe rightof z =0 12.; To the lefrof z =
13, i To the leftof z = —1.32 14{ To the left of z = —0.47
15 To the leftof £ = 0.45 16.! To the left of z = 0.72
17.: To the right of z = 1.52 18 To the right of 7= 0.15
19. To the right of z = —1.22 20: To the rightof z = —2.17
21, ‘ Between z = O and z = 3.18 22 Betweenz = 0 and z = —1.93
23. Between ¢ = —2.18 and z = 1.34 24 Between z = —1.40 and z = 2.03
' 25 Berween z = 0.32 and z = 1.92 2.6 Betweenz=142andz =2.17
! 27 Between z = —2.42 and z = —-1.77 28 Between z = —1.98 and z = — 0.

In Problems 29-48, let £ be a random variable with a standard normal distribut
Find the indicated probability, and shade the corresponding area under the stan
normal curve.

29.! Plz = 0) 30.] P(z = 0)
311 Plz = -0.13) 32.0 Pz = ~2.15)

| 33.| Plz = 1.20) 34.] P(z = 3.20)

’ 35. Plz = 1.35) 36.] Pz = 2.17)
37.1 Plz = ~1.20) 38. Pz = —1.50)
39.! P(-1.20 = £ < 2.64) 40.) P(~2.20 =z =1.04)
411 P(—2.18 =z = ~0.42) 42, P(-1.78 =z=—123)
43.1P(0 <z =1.62) 44, P(0 =z = 0.54)
45,  P(—0.82 =2 =0) 46, P(~2.37 =2 =0)
47,1 P(—0.45 <z =2.73) 48.! P(-0.73 =z=3.12)

SECTION 6.3 Areas Under &ny Normal Curve

FOCUS POINTS

» Compute the probability of “standardized events’

« Find a z score from a given normal probability (inverse normat).
» Use the inverse normal to solve guarantee problems.

o

Normat Disteibution Areas

In many applied situations, the original normal curve is not the standard no
curve, Generally, there will not be a table of areas available for the criginal nor
curve. This does not mean that we cannot find the probability that a measureme::
will fall into an interval from @ to b. What we must do is convert the orig:
measurements x, 4, and b to £ values.
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1GURE 6-23

~asponding Areas Under the
Jrve and z Curve

How 1o WORK WITH NORMAL DISTRIBUTIONS

To find areas and probabilities for a random variable x that follows a nor-
mal distribution with mean # and standard deviation o, convert x values 1o
z values using the fornula

X—pu
z:
o

Then use Table 5 of Appendix H to find cotresponding areas and probabilities.

NORMAL DISTRIBUTION PROBABILITY

Let x have a normal distribution with u = 10 and ¢ = 2. Find the probability
that an x value selected at random from this distribution is between 11and 14.In
symbols, ind P(11 = x = 14).

SOLUTION: Since probabilities correspond to areas under the distribution curve,

We want to find the area under the + curve above the interval from x = 11 to

* = 14. To do so, we will convert the x values to standard z values and then use

Table 5 of Appendix II to find the corresponding area under the standard cutve,
We use the formula

XxX—p
o

==
A

to convert the given x interval to a ¢ interval,

11 - 10
zl'_——-—?-—z

_14-10
2

The corresponding areas under the x and % curves are shown in Figure 6-23.
From Figure 6-23 we see that

0.50 (Usex=11,,u.=]0,cf=2.)

Z = 2.00 (Use x =14, 4 = 10, o =2

Pll=x=14) = P(0.50 = z = 2.00)
=Pr=2.00) - Pz =< 0.50)
= {9772 - 0.6915 (From Table $, Appendix IT)
= (12857

The probability is 0.2857 that an value selecred at random from a normal dis-
tribution with mean 10 and standard deviation 2 lies between 11 and 14.

i
i
i
i
'i
1
3
i




GUIDED EXERCISE 7

Sunshine Stereo cassette decks have a deck life that is normally distributed with a mean of 2.3 vears
and a standard deviation of 0.4 year. What is the probability that a casserte deck will break down dur-

ing the guarantee period of 2 years?

(a) Let x represent the life of a cassette deck. The
statement that the cassette deck breaks during
- the 2-year guarantee period means the life is less
than 2 years, or x = 2. Convert this to a
statement abour z.

(b} Indicare the area to be found in Figure 6-24.
Does this area correspond to the probabiliry
that £ = ~0.75?

FIGURE 6-24

' ' .,
4""’/’ S

el
-3 -2 —1T 0 1 2 3
~075 z

{c} Use Table 5 of Appendix II to find
P(z < —0.75).

(d) Whar is the probability that the cassette deck
will break before the end of the guarantee
period? [Hint: P(x = 2) = P(z = ~0.75) ]

TECH NOTES

[

U

U

x—p 2-23

=-0.75
o 0.4

A
~

So, x = 2 means z = —0.75.

See Figure 6-23.
Yes, the shaded area does correspond o0 the
probability thar z = —0.75.

FIGURE 6-25 z = —0.75

0.2266

The probability is
P(x = 2) = Pz = —0.73)
= 0.2266

il

This means that the company will repair or replace
about 23% of the casserte decks.

The TI-84Plus and TI-83Plus calculators, Excel, and Minitab all provide areas under any

normal distribution. Excel and Minitab give the left-tail area 1o the left of a specified x
value. The TI-84Plus/TI-83Plus has vou specify an interval from a lower }Jouﬂd to ar
upper bound and provides the area under the pormal curve for that interval. FO"
example, to solve Guided Exercise 7 regarding the probability a cassette d.eck Wil
break during the guarantee period, we find P{x = 2} for a normal distribution with |
w=23and o = 0.4.

TI-84Plus/TI-83Plus Press the DISTR key, select 2:normalcdf (lower bound, upper
bound, g, o) and press Enter. Type in the specified values. For a left-tail area, used -
lower bound setting at about 4 standard deviations below the mean. Likewise, for a
right-tail area, use an upper bound setting about 4 standard deviations above the
mean. For our example, use a lower bound of p — 40 = 2.3 — 4(0.4) = 0.7.

e o T o |

normalodtli. L. La5y

Cuid]

]
A

PPN

i
JF
I

1.
\

5,..-_1

1 ;._"T

£
1
I
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COMMENT  When we use Table 5 of Appendix II to find a z value
corresponding to a given area, we usually use the nearest area value rather
than interpolating berween values. However, when the area value given is
exactly halfway between two area values of the table, we use the z value
halfway between the z values of the corresponding table areas. Example 9
demonstrares this procedure. However, this interpolation convention is
not always used, especially if the area is changing slowly, as it does in the
tail ends of the distribution. Whes the z value corresponding to an area

is smaller than =2, the standard convention is to use the z value correspond-
ing to the smaller aveq. Likewise, when the z value is larger than 2, the
standard convention is to use the x value corresponding to the larger area.

We will see an example of this special case in Guided Exercise 1 of the
next chapter.

FIND 2

Find the z value such that ?0% of the area under the standard normal curve lies
between —z and z.

SOLUTION: Sketch a picture showing the described area (see Figure 6-28).

FIGURE 6-28

Area Between -z and z [s 90%

We find the corresponding area in the left tail.

1~ 0.9000
2

=0.0500

(Area left of ~z) =

Looking in Table 6-6, we see that 0.0500 lies exactly between areas 0.0495 and
0.0505. The halfway value between z = =165 and z = —1.64 is z = —1.645.
Therefore, we conclude that 90% of the area under the standard normal curve lies
between-the z values ~1.645 and 1.645,

Excerpt from Table 5 of Appendix [i

z 04 .05

-16 0505 0495
0.0500
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GUIDED EXERCISE 8 oz

Find the z value such thar 3% of the area under the standard normal curve lies o the right of z.

{a} Draw a sketch of the standard normal I FIGURE 6-29 3% of Total Area Lies to the Right of z
distriburion showing the described area )
{Figure 6-29). i
97% .
K
t\
p I
o . | 3%
0z
(b) Find the area to the left of =, T—> Arcatothefefrofz =1 ~ 0.0300 = 0.9700.
{c) Look up the area in Table 6-7 and find the L—> The closest area is 0.9699. This area is to the left of
corresponding z. z = 1.88.
TABLE 6-7 Excerpt from Table 5 of Appendix II
z 00 01 02 03 .04 .05 06 .07 .08 08
1.8 9641 .9649 9656 9664 5671 8678 .0686 9693 9658 5706
1.9 9713 8718 8726 9732 9738 9744 8750 G756 9761 9767
{d} Suppose the time to complete a test is normally  T—> W are looking for an x value such chat 3% of the nor-
distributed with 4 = 40 minutes and o = 3 min- mal distribution lies to the right of x. In part (c), we
utes. After how many minutes can we expecr all found that 3% of the standard normal curve lies to the
but abour 3% of the tests to be complerad? right of z = 1.88. We convert z = 1.88 10 an x value.
X =04+ ou
= 1.88(5) + 40 = 49.4 minntes
All but about 3% of the tests will be complete afeer
50 minures.
{e} Use Table 6-8 to find a z value such thar 3% of >  The closest area is 0.0301. This is the area to the left
the area under the standard normal curve lies to of z=—1.88.
the left of z.
TABLE 6-8 Excerpt from Table 5 of Appendix 0l
z 00 n 02 03 04 05 .06 07 .08 09
-1.9 0287 0281 0274 0268 0262 0256 0250 0244 0238 0233
-1.8 0359 0351 0344 0336 {0328 L0322 0314 0307 0301 0294

(f} Compare the z value of part {c} with the z value
of part (e}, Is there any relationship between the
z values?

=

One z value is the negative of the other. This result
is expected because of the symmetry of the normal
distribution.

When we are given a £ value and we find an area to the left of z, we are using a normal
distribution function. When we are given an area to the left of z and we find the corre-
sponding 3, we are using an inverse normal distribution function. The TI-84Plus
and TI-83Plus calculators, Excel, and Minitab all have inverse normal distribution

TECH NOTES
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We see that 7 = 12.46, median = 19.5, and s = 2.705

; 3{19.46 ~ 19.5
Pearson’s index = ﬁ——_—_——) = —(.04
2.703
Since the index is between ~1 and 1, we detect no skewness. The data appear
to be symmetric.

{c) Look at the normal quantile plot in Figure 6-31 and comment on normality.

FIGURE §-31 Normat Quantite Plat

Normal Quantile Plot 26
24 o
22 o

SGLUTION: The data fall close to a straight line, so the data appear to come
from a normal distribution.

{d) Interpret the resulrs,

SOLUTION: The histogram is roughly bell-shaped, there is only one outlier,
Pearson’s index does not indicace skewness, and the points on the normal
quantile plot lie fairly close to a straight fine. It appears thar the data are likely
from a distriburion thar is approximately normal,

Want to Be an Archaeclogist?

Each year about 4500 students work with professional archaeologists in
scientific research at the Crow Carnyon Archaeological Center, Cortez, Colorado. In fact, Crow Canyon
was included in The Princeton Review Cuide to America's Top 100 Internships. The nonprofit
mudtidisciplinasy prograr at Crow Can yon enables students and iaypeople with little or no background
to get started in archaeological research. The only requirement is that you be interested in Native
American culture and history, By the way, a knowledge of introductory statistics could come in handy
for this internship, For more information about the program, wisit the Brase/Brase statistics site gt
college.nmco.com/pic/braseliSee and find the link to Crow Canyon.

SECTION 6.3 Lp Ststizica] Lizeres Consider a normal distribution with mean 30 and standard
PROBLEMS . deviation 2. What is the probability a value selected ¢ random from this distri-

: bution is greater than 30;

3.5 : 7> Suppose 5% of the area under the standard normal curve
. lies to the right of . Is z positive or negative?
3. etfcnl Lieracy Suppose 5% of the area under the standard normal curve

! lies to che lefr of 2. Is 2 positive or negative?
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4.] Critical Thinking: Normality Consider the following data. The summary stat:
tics, histogram, and normal quantile plot were generated by Minitab.

27 27 27 28 28 28 2§ 28 218 29 29 29 29 29 .7_::
29 29 2% 29 30 30 30 30 30 30 30 30 30 30 3":
3031 31 31 31 31 31 31 31 32 32 32 32 33 33
33 33 33 34 34
Norrnal Quantile Plot
34+ o
BT o
Histogram (narmal} o
32 +
12+
Mean 30.16 -+ e}
T StDev 1.811 31
T o e 30+ o
°T e 29 o
°T l” 28+ )
T ' " 274+ 0o
T r] B 26
0 _‘N ‘T-i $ } } }”rh <fl% " } + ; }
26 28 30 32 34 -2 -1 .0 1 2

Variable N N* Mean 8§k Mean StDev Minimum Q1 Median Q3

bata 50 0 30.160 0.256 1.811 27.000 29.000 30.000 31.000
Variable Maximum
Data 34.000

(a} Does the histogram indicate normality for the darta distribution? Explain.

{b) Doss the normal quantile plot indicate normality for the data distribution?
Explain.

{c} Compute the interguartile range and check for outliers.

(d) Compute Pearson’s index. Does the index value indicare skewness?

(e} Using parts (a) through (d), would you say the data are from a normal
distriburion?

In Problems 5-14, assume that x has a normal distriburion with the specified mean
and standard deviation. Find the indicated probabilities.

S PB=x=6hu=40=2 6. P(I0=x=<26ju=150=4
7. P50 Sx=70) 4 =40, 0 = 15 8. P7=x=9%p=S0=12
9. P8=x=12)u= 15,0 =32 10.§P(40£x547);p=50;0= 15
11-}' Plx =30} u=20; 0 = 3.4 11._? Pix =120) . = 100; o = 15
13..; Plx =90k =100, = 15 14.jP(x‘:_’2);u =3 0=025

In Problems 15-24, find the 2 value described and sketch the area described.
15.. Find z such that 6% of the standard normai curve lies to the left of .
16. Find z such that 5.2% of the standard normal curve lies to the left of 2.
17.. Find z such thar 55% of the standard normal curve lies to the left of z
18. Find z such that 97.5% of the standard normal curve lies to the left of z
19. Find z such that 8% of the standard normal curve lies to the right of z.
20. Find 2 such that 5% of the standard normal curve lies 1o the right of z.

21.. Find z such that 82% of the standard normat curve lies to the right of z.
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. {b) What is the probabiliry thar someone will keep a refrigerator fewer than 11

' years before replacement?

: {c) What is the probability thar someone will keep a refrigerator more than 18
years before replacement?

() e e P Assume that the average life of a refrigerator is

14 vears, with the standard deviation given in part (a) before it breaks. Suppose

that a companv guarantees refrigerators and will replace a refrigerator that

bre:_aks while under guarantee with a new one. However, the company does not

Want to replace more than 5% of the refrigerators under guarantee. For how

long should the guarantee be made (rounded to the nearest tench of a year)?

L¥F)
[ ¥V

PR e e T s e o L The resting hearr rate
. for an adult horse should average about u = 46 beats per minute with a (95% of
. dara) range from 22 1o 70 beats per ninute, based on informarion from The
: Merck Veterinary Manual (a classic reference used in most veterinary colleges;.
. Let x be a random vaciable thar represents the resting heart rare for an adulr
horse. Assume that x has a distribution that is approximately normal.

{a) Estimate the standard deviation of the x distribution. Hint: See Problem 31.
{b) Whar is the probability thar the hearr rate is less than 25 beats per minute?

" {c) What is the probability that the hearr rate is greater than 60 beats per
: minute?

{d} What is the probability that the heart rate is berween 25 and 60 beats per
minute?

v e

(@) Jutwrzs e 7 -+ A horse whose resting heart rate is in the
upper 10% of the probability distribution of hearr rates may have a second-
ary infection or illness thar needs to be rreated. What is the heart rate corre-

sponding to the upper 10% cutoff point of the probability distriburion?

i
:
i
H

34,

3
]
i
i
i
:
]

¥ w e How much should a
healthy kitten weigh? A healthy 10-week-old (domestic) kitten should weigh an
average of 4 = 24.5 ounces with a (95% of dara) range from 14 to 35 ounces.
(See reference in Problem 33.) Let x be a random variable that represents the
. weight (in ounces} of a healthy 10-week-old kitten. Assume that x has a distribu-
tion that is approximately normal,

{a) Estimare the standard deviation of the x distribution. Hint: See Problem 31.

. (b} Whar is the probability that 4 healthy 10-week-old kitten will weigh less
than 14 ounces?

{(¢) What is the probability that a healthy 10-week-old kitten will weigh more
than 33 ounces?

(d} What is cthe probability thar a healthy 10-week-old kitren will weigh
berween 14 and 33 ounces?

(€) foemrme Dol Dyenn * A kirten whose weight is in the bottom 10%
of the probability distribution of weights is called undernonrished. What is
the cutoff point for the weighe of an undernourished kitcen?

350 s Dol A relay microchip in a relecommunicarions satellite has a life
i expectancy that follows a normal distribution wich a mean of 90 months and a
~ standard deviation of 3.7 months, When this computer-relay microchip malfunc-
; tions, the entire satellite is useless, A large London insurance company is going to
~ Isure the satellite for 50 million dotlars. Assume thar the only pare of the sarellite
- In question is the microchip. All other components will work indefinicely,

a) eimme vae el Timehoen For how many months should the satellite be

° insured to be 99% confident thar it will last beyond the insurance date?

i (b} If the sartellite is insured for 84 months, what is che probability that it will
: malfunction before the insurance coverage ends?

. (¢} If the satellite is insured for 84 months, what is the expected loss to the
: Insurance company?

. {d} If the insurance company charges $3 million for §4 months of insurance,

how much profit does the company expect to make?
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36, Fois s CmhlEi : -z The Focus Problem at the begin-
" ning of the chapter 1nd1cates that attendance at large exhibition shows in Denver

averages about 8000 people per day, with standard deviation of about 500. e

Assume that the dailv arrendance figures follow a normal distribution.

(a) What is the probabiliry that the daily artendance will be fewer than 7200
people?

(b) What is the probability that the daily artendance will be more than 8900

people?
(c) What is the probabiliry that the daily atrendance will be between 7200 and

8500 people‘

vz Palizin: s i o Most exhibition shows open in

the morning anr:l close in the late evening. A study of Saturday arrival times

showed that the average arrival time was 3 hours and 48 minutes after the doors '

opened, and the standard deviation was estimated at about 52 minutes. Assume

thar the arrival times follow 2 normal distribution.

{a) At what time after the doors open will 90% of the people who are coming t0
the Saturday show have arrived?

{b) At whart time after the doors open will only 15% of the people who are com-
ing to the Saturday show have arrived? f

{c) Do vou think the probability distribution of arrival times for Friday mighr -
be different from the distribution of arrival times for Saturday? Explain.

[
~l

70+ The amount of money spent weekly on cleaning, mainte-

nance, and repairs at a large restaurant was observed over a long period of time

to be approximately normally distributed, with mean p = $615 and standard

deviation o = $42.

(a} If $646 is budgeted for next week, what is the probability thar the actual

costs will exceed the budgeted amount?

{b) Ix i 2 How much should be budgeted for weekly
repairs, cleaning, and maintenance so that the probability that the budgeted
amount will be exceeded in a given week is only 0,102

‘ : fovzad Probobiliiy Suppose you want (o eat

: [unch at a popular restaurant. The restaurant does not take reservations, so

there is usually a waiting time before you can be seated. Ler x represent the

lengeh of time waiting to be seated. From past experience, you know that the

mean waiting time is # = 18 minutes with o = 4 minutes, You assume that the x

distriburion is approximately normal.

(a) Whar is the probability that the waiting time will exceed 20 minutes, given
that it has exceeded 15 minurtes? Hint: Compute P{x > 20|x > 15).

(b) What is the probability that the waiting time will exceed 25 minutes, given
that it has exceeded 18 minutes? Hint: Compute Pix > 25|x > 18).

(c} Hint for solution: Review item 6, conditional probability, in the summary of
basic probability rules at the end of Section 4.2, Note that

and show that in part {a),

P{ix > 20 and (x > 13)) N P(x > 20)
Pix > 15 T P(x > 15)

. Plx>2Wlx> 15 =

400 e e 0 oLl Tl T A cement truck delivers mixed cement to
‘a [arge construction site. Let x represent the cycle time in minutes for the truck

- to leave the construction site, go back to the cement plant, fill up, ard return o
the construction site with another load of cement. From past experience, it is
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=3

5

. known that the mean cycle time is . = 45 minutes with o = 12 minutes. The y
. distribution js approximately normal,

! (@) Whatis the probability that the cycle time will exceed 60 minutes, given thar
; it has exceeded 50 minutes? Hint: See Problem 39, pare {c).

' {b) Whatis the probability that the cycle time wil] exceed 55 minutes, given that
: it has exceeded 40 minutes?

Normal Approximation to the Binomial Distribution

FOCUs POINTS

* State the assumptions needed to use the normal approximation to the binomial distribution,

* Compute 4 and o for the normal approximation,

* Use the continuity correction to convert a range of r values to a corresponding range of normal x values,
* Convert the x values o a range of standardized z scores and find desired probabilities.

—————  The probability that a new vaccine will protecr adults from cholera is known to

be 0.85. The vaccine is administered 1o 300 adults who must enter an area where
the disease is prevalent. What is the probability that more than 280 of these
adules will be protected from cholera by the vaccine?

This question falls into the category of a binomial experiment with the number
of trials 7 equal to 300, the probability of success P equal to 0.85, and the number

ier way to do this problem, for under the conditions stated below, the normal dis-
tribution can be used to approximate the binomial distribution.

Normal approximation to the binomial distribution
Consider a binomial distribution where
7 = number of trials
* = number of successes
p = probability of success on a single trial
9 =1 - p = probability of failure on a single trial
fnp>35and ng > 5, then r has a binomial distribution that js approximared
by a normal distribution with

m=np and o = Vupg

Note: As n increases, the approximation becomes better.

Example 11 demonstrates that as # increases, the normal approximation to
the binomial distribution improves.

BinomiIaL DISTRIBUTION GRAPHS

Graph the binomial distributions for whichp = 0.25, 4 = 0.75, and the number
of trials is first 5 = 3, then # = 10, then »n = 25, and finally n = 30,

SOLUTION: The authors used a computer program to obtain the hinomial distri-
butiens for the given values of p, g, and #. The results have been organized and
graphed in Figures 6-32, 6-33, 6-34, and 6-35.
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FIGURE 6-32
< 40 }
* FIGURE 6-33
.35+ i :
30+
25T
20+
A5+ hes a=10 _
104 P=0.25 p=0.25 =
g=075 g=0.75
o1 5= np=0.75 p=np=25
o=\ pg=0.75 o=\ npg =137
p
FIGURE 6-34  Good Normal Approximation; np > 5 and ng > 5
c
n=25
p=0.25
g=075
m= np = 625
=\ rpq = 2.17
n=50
p=025
g=075
u =np=12.50
o = \apq = 3.06
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From many years of observation, a biologist
knows that rthe probability is only 0.65 that any

given Arctic tern will survive the migration from

its summer nesting area to its winter feeding

grounds. A random sample of 500 Arcric terns
were banded at their summer nesting area. Use
the normal approximation to the binomial and
the following steps ro find the probability that

between 310 and 340 of the banded Arcric rerns

will survive the migration. Let  be the number
ot surviving terns,

{a) To approximate P(310 < r = 340), we use
the normal curve with o= and o

(b} P310=r< 340) is approximately equal to
}, where x is a
variable from the normal distribution de-
scribed in part (a).

Pl =y=

() Convert the condition 309.5 = x = 3405 w0
a condition in standard units,

‘e) Will the normal distribution make a good
approximation to the hinomial for this
problem? Explain your answer,

277

Arctic tern

We use the normal curve with

@ = np = 500(0.65) = 323 and
o = Vapg = V300[{0.65)(0.33) ~ 10.67

Since 310 is the left endpoint, we subtract 0.5,
and since 340 is the right endpoint, we add 0.5.
Consequently,

P(310 = r = 340) = P(309.5 = x = 340.5)

Since o = 325 and ¢ = 10.67, the condition.
309.5 = x = 340.5 becomes

309.5 — 325 , < 340.5 - 335
10,67  ~ 77 10.67
or

143 =z = 145

Plz < 1.45) — Plz = -143)
0.9265 — 0.0735
0.8530

P(~1.45 = ¢ = 1.45)

Since

np = 500(0.63) = 325

and

ng = 500(0.35) = 175 -

are both greater than 3, the normal distribution will be a
good approximation to the binomial.




Sunspots, Tree Rings, and Statistics

narrowed the window of frost free days befow the approximately 80 days needed for cultivation of
aboriginal corn and beans. Is this the reason the ancient Anasazi dweliings in Mesa Verde were
abandoned? Is there g connection to the extreme sunspat activity? Much research and statistical work
continues to be done on this topic.

Reference: Prehistorc Astronemy in the Southwest. by J. MeKim Malvitle and Putrem, Deparment of Astronorny, University

of Colorada.

SECTION 6.4
PROBLEMS

Note: When we say between g and b, we mean every value from g o b, including 4
and &. Due to rounding, your answers mighe vary slightly from answers given in
the texr,

T San

2 wienrcy When we use a nopma] distribution to approximate a bing-
mial distribution, why do we make a continuity correcrion? '

Critical Thinking You need 1o compute the probability of § or fewer successes
for a binomjal experiment with 10 trials, The probability of success on asingle -
trial is 0.43. Since this probability of success is not in the table, you decide to
use the normal approximation to the binomial. this an appropriate strategy >
Explain.

Critical Thinking Consider 4 binomial experiment with 20 tefals and probabil-
ity 0.45 of success on a single trial,

Successes,
{c) Compare the results of parts {a) and (b).

In the following problems, check that i is appropriate to yse the normal approxi-
mation to the binomial, Then use the nogma] distribution to estimate the requested
probabilities,

SR D s More than a decade 480, high levels of Jead jn the
¢ blood pur 889 of children ar risk. A concerted effort was made ro remove lead
i from the environment, Now, according to the Third National Health gng
: Nutrition Examinatios Survey (NHANES 1) conducted by the Centers for
! Disease Control, only 9% of children in the Unjred States are at risk of high
© blood-lead levels.

30 or more have high blood-lead levelss

P e U e D YoUu ry to pad an insurance claim to cover vour
deducrible? Aboyc 40% of all U.S. adules will try 1o pad their insurance claims!
- {Source: Are You Normal?, by Bernice Kanner, St Martin’s Press.) Suppose
that you are the director of an insurance adjustmen office. Your office has just
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received 128 insurance claims to be processed in the next few days. Whar is the
¢ probability that
: (a) half or more of the claims have been padded?

i (b) fewer than 45 of the claims have been padded?

" (¢} from 40 to 64 of the claims have been padded?
' (d) more than 80 of the claims have not been padded?

R r

Sl T is estimated that 3.5% of the general population

el —iix'e 'past their 90th birthday {Statistical Abstract of the United States,

112¢h Edition). In a graduating class of 753 high school seniors, what is the

. probabiiity that

(a) 15 or more will live beyond their 90th birthday?

(b) 30 or more will live beyond their 90th birthday?

{c) between 25 and 35 will ljve beyond their 90th birthday?
{d) more than 40 will [jve bevond their 90th birthday?

Siiag 505k Ocean fishing for billfish is very popular in the Cozumel region of
Mexico. In World Record Game Fishes (published by che International Game Fish
Association), ir was stated thar in the Cozumel region about 44% of strikes {while
trolling) resulted in a carch. Suppose that on a given day a fleet of fishing boats got
a total of 24 strikes. What is the probability that the number of fish caught was
{a) 12 or fewer?

(b} 5 or more?

{c) berween 5 and 122

SERERR sinrass i PraUiets The Denver Post stated that 80% of all new
products introduced in grocery stores fail (are taken off the market) within 2
years. If a grocery store chain introduces 66 new products, what is the probabil-

- ity that within 2 years

(a) 47 or more fail?
{b} 3% or fewer fail?
{c) 15 or more succeed?

i {d} fewer than 10 succeed?

s neda What ave the chances that a person who s murdered actually
knew the murderer? The answer 1o this question explains why a lot of police detec-
tive work begins with relatives and friends of the victim! About 64% of people
who are murdered aceually knew the person who committed the murder {Chances:
Risk and Odds in Everyday Life, by James Burke). Suppose that a detective file in
New Orleans has 63 current unsolved murders. What is the probability that

(a) atleast 35 of the victims knew their murderers?

: (b) at most 48 of the victims knew their murderers?
- (¢} fewer than 30 victims did 10t know their murderers?
- {d) more than 20 victims did not know their murderers?

: e Zrve Dot miz: Do vou take the free samples offered in supermar-
kets? About 60% of all customers will rake free samples. Furthermore, of those
who take the free samples, about 37% wil] buy whar they have sampled. (See
reference in Problem 6.) Suppose you set up a counter in a supermarker offering

. free samples of a new product. The day vou were offering free samples, 317 cus-

i tomers passed by your counter,

. {a) What is the probability thar more than 180 will rake vour free sample?

- (b) What is the probability thar fewer than 200 will take your free sample:

{c} What is the probability thar a customer will rake a free sample and buy the

product? Hint: Use the multiplication rule for dependent events. Notice chat
we are given the condirional probability P{buy|sample) = 0.37, while
P(sample) = 0.60.

(d) What is the probability that berween 60 and 80 customers will rake the free

sample and buy the product? Hint: Use the probability of success calculated
in part (c).
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120 lor Diesinr Flzvore What's your faverite ice cream flavors For people who bu
! ice cream, the all-time favorite is seill vanilla. About 25% of ice cream sales ar
 vanilla. Chocolate accounts for only 9% of ice cream sales, {See reference i

Problem 6.) Suppose that 175 customers go to a grocery store in Cheyenne

Wyoming, roday 1o buy ice cream.

¢ {a) Whac is the probability that 50 or more will buy vanilia?

{b} What is the probability that 12 or more will buy chocolate?

{c} A customer who buys ice cream is not limited to Orne container or one flavor,
What is the probability that someone who is buying ice cream will buy
chocolate or vanilla? Hint: Chocolate flavor and vanilla flavor are nor muty-
ally exclusive events. Assume thar the choice 1o buy one flavor is indepen-
dent of the choice to buy another flavor. Then use the multiplication rule for
independent events, together with the addition rule for events that are nog
mutually exclusive, to compute the requested probability. (See Section 4.2.)

(d} What is che probability that between 50 and 60 customers will buy choco-
late or vanilla ice cream? Hing: Use the probability of success computed in
part {c).

13 Sivline Slighize v iz Based on long experience, an airline found thar

about 6% of the people making reservations on a flight from Miami to Denver

do not show up for the flight. Suppose the airline overbooks this flight by selling

267 ricket reservations for an airplane with only 255 seats.

{a) What is the probability that a person holding a reservation will show up for
the flighe? .

(b) Let = 267 represent the number of ticker reservarions. Let 7 represent the
number of people with reservations who show up for the flight. Which
expression represents the probability that a seat will be available for every-
one who shows up holding a reservarion?

P(255 =) P(r=2535); Pir = 267); P(r=12535)

(c) Use the normal approximation to the binomial distribution and part (b} to
answer the following question: What is the probability that a sear will be
available for every person who shows up holding a reservation?

14,7 7 reximaiions We have studied fwo approximations to the binomial,
the normal approximation and the Poisson approximation {Section 5.4). Write a
brief but complete essay in which you discuss and summarize the conditions
under which each approximation would be used, the formulas involved, and the
assurnptions made for each approximation. Give details and examples in your
essay. How could you apply these staristical methods in your own everyday life?

Chapter Review

SUMMARY In this chaprer, we examined properties  « The empirical rule for normal distributions

and applications of the normal probability gives areas within 1, 2, and 3 standard devi-

distribution. ’ ations of the mean. Approximately

* A normal probability distribution is g distri- 68% of the data lie within the interval
bution of 2 continuous random variable. e

Normal distributions are bell-shaped and
symmetric around the mean. The high point
occurs over the mean, and most of the area
occurs within 3 standard deviations of the
mean. The mean and median are equal.

95% of the data lie within the interval
nElo

99.7% of the data lie within the inrerval
H=x 3o
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* For symmerric, bell-shaped distriburions, * Tools for assessing the normality of a daca

range of data distribution include:

4 Histogram of the data. A roughly bell-
shaped histogram indicates normality.

standard deviation =

* A z-score measures the number of standard

deviations a raw score x lies from the mean. Presence of outfiers. A limited number

indicates normaliry,
X

and x=zo+pn Skewness. For normality, Pearson’s index
is between —1 and 1.

o1

* For the standard normal distribution, g = 0

and o = 1. Normal quancile plor. For normality,

) points lie close to a straight line.
* Table 5 of Appendix II gives areas under a

standard normal distribution that are to the
left of a specified value of z.

* Control charts are an important application
of normal distributions.

* The binomial distribution can be approxi-

S at g r istribution with 4 = #
z scores, the standard normal distribution mated by a normal distribution wi # 4
table can be used to find probabilities associ- and ¢ = Vipq provided
ated with intervals of x values from any nos- ap>3andng >3, withg=1-p
mal distribution.

* After raw scores x have been converted to

and a continuity correction is made.

* The inverse normal distribution is used to
find z values associated with areas ro the left
of z. Table 5 of Appendix If can be used to
find approximate z values associated with
specific probabiliries.

Darta from many applications follow distri-
butions that are approximately normal. We
will see normal distributions used extensively
in later chaprers.

s .. . .
IMPORTANT Seciion 6.1 . Standard normal distribution (= 0 and
WORDS & Normal distributions o =1
SYMBOLS Normal curves Raw score, x
Upward cup and downward cap on normal Area under the standard normal cucve
.curves
Symmetry of normai curves Soeflon 6.3
Empirical rule Areas under any norma) curve
Control charr Normality indicarors

Qut-of-conrrol signals

anedan 6.4

PRt ey

Section 6.2 Normal approximation to the binomial
4 value Or Z score distribution
Standard unirs Continuity correction i

Nenana ice Classic

The Nenana fce Classic s o betting pool offering a large cash prize to the lucky
winner who can guess the time, to the aecrest minute, of the ice breakup on the Tanana River in the
fown of Nenana, Alaska. Official breakup time is defined as the time when the surging river dislodges a
tripod on the ice. This breaks an attached line and stops a clock set to Yukon Standard Time. The evert
15 so popular that the first stete legisiature of Alaska (1955) made the Nenana jce Classic an official
statewide lottery. Since 1918, the earliest breakup was April 20, 1940, at 3:27 pm, and the lotest
recorded breckup was May 20, 1564, at 11:41 am Wont to make a stotistical quess predicting when
the ice will break up? Breakup times from 1918 to 1996 are recorded in The Alaska Almanac,
published by Alaska Northwest Books, Anchorage.
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CHAPTER REVIEW
PROBLEMS

L

10..

16..

= Describe a normal probability distribution.

“sei Lirerey According to the empirical rule, approximately what per
; centage of the area under a normal distribution lies within 1 standard deviatio:
! of the mean? within 2 standard deviations? within 3 standard deviations?

2f Lirerrey Is a process in control if the corresponding control chart fo
data havmg a normal distribution shows a value beyond 3 standard deviation
from the mean?

: #rzey Can a normal distribution always be used to approxirmate
! bmomlal distribution? Explain.

CRErES Zitsniey Whar characteristic of a normal quantile plot indicates tha
i the data follow a distribution that is approximately normal?

Sreisifead Lieracy For a normal distribution, is it likely that a data value
! selected at random is more than 2 standard deviations above the mean?

* Given thar z is the standard normal variable (with mean 0 and standard devia-
tion 1), find

{a) P(O=<z=<1.75) (b} P(~1.29=z=0)
i {c) P(1.03 =z=1.21) (d] P{z=2.31)
i (e) Plz =< —1.96) (f} P(z =1.00)

Given that z is the standard normal variable (with mean 0 and standard devia-
tion 1), find

i {a) P(0<z=0.75) (b} P[-1.50=z=10)

A{e) P(—2.67 =z =< —-1.74) {d) P{z=1.56)

! (e} Plz = —~0.97) (f) P{z=2.01)

i Given that x is a normal variable with mean u = 47 and standard deviation
Co =62, find

[(@) Plx=60)  (b) P(x=50) (c) P(SO = x = 60)

Given that x is a normal variable with mean g = 110 and standard deviation
o =12, find .

i (a) Plx =120) {b} P{x = 80) {c) P{108 =x = 117)

.1 Find z such that 5% of the area under the standard normal curve lies to the

¢ right of 2.

.. Find z such that 1% of the area under the standard normal curve lies to the

i lefrof 2.

.1 Find 7 such that 95% of the area under the standard normal curve lies between

—zand z.

.. Find z such that 99% of the area under the standard normal curve lies between

" —zand z.

. cwrsingze Ruecee On a practical nursing licensing exam, the mean score is 79

; and the standard deviation is 9 points.

{a) What is the standardized score of a student with a raw score of 87?2

: {b) What is the standardized score of a student with a raw score of 79?

(c} Assuming the scores follow a normal distribution, what is the probability
that a score selected at random is above 852

Soesr Dz wlzeio s e On an auto mechanic aptitude test, the mean score
s "/0 points and rhe standard deviation is 35 points.

(a} If a student has a standardized score of 1.9, how many points is that?

(b) If a student has a standardized score of —0.23, how many points is that?
. (e} Assuming the scores follow a normal distribution, what is the probability that a
student will getr between 200 and 340 points?
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- Gicwiian s One environmental group did a study of recycling
 habits in California community. It found that 70% of the aluminum cans sold
| in the area were recycled.

. {a) If 400 cans are sold today, what is the probability that 300 or more will be
recycled?

i (b) Of the 400 cans sold, what is the probability thar berween 260 and 300 will be

4 recycled?

18,0 Tonsiriiver e s Furure Electronics makes compact disc players, Irs
i research department found thar the life of the laser beam device is normally dis-
! tributed, with mean 5000 hours and standard deviasion 450 hours.
: {a) Find the probability that the laser beam device will wear our in 5000 hours
| orless.
(D) G e d Dieiiests Future Electronics wants to place a guarantee
on the players so that no more than 5% fail during the guarantee period.
© Because the laser pickup is the part most likely to wear out firse, the guaran-
tee period will be based on the life of the laser beam device. How many play-

ing hours should the guarantee cover? (Round ro the next playing hour,)
19,7 Gomrrlea: Pocivigs T 7+ Express Courier Service has found that the deliv-
i ery time for packages is normally distributed, with mean 14 hours and standard
| deviation 2 hours.
' (a) For a package selecred at random, what is the probability thar it will be
: delivered in 18 hours or less?
(b) Frvzse Mloread Dispeibovics: What should be the guaranteed delivery time
on all packages in order to be 95% sure thar the package will be delivered
before this time? {Hint: Note that $% of the packages will be delivered at a
time beyond the guaranteed time period.)

g % lazetig Geor Hydraulic pressure in the main cylinder of the
 landing gear of a commercial jet is very important for a safe landing, If the pres-
 sure is not high enough, the anding gear may not lower properly. If it is too high,
i the connectors in the hydraulic line may spring a leak, :

In-flight tanding tests show that the actual pressure in the main cylinders is a
[ variable with mean 819 pounds per square inch and standard deviarion 23
: pounds per square inch. Assume that these values for the mean and standard
! deviation are considered safe values by engineers.
: (a) For nine consecutive test landings, the pressure in the main cylinder is
{ recorded as follows:

hansiiciwds iR

landing number | 1 2 3 4 5§ 7 & o
: Pressure 670 855 830 815 847 836 835 810 792

: Make a control chart for the pressure in the main cylinder of the hydraulic
i fanding gear, and plot the data on the contro] chart. Looking at the control

chart, would you say the pressure is “in control” or “our of contro]”?
: Explain vour answer, Identify any our-of-control signals by type (1, II, or IIT).
. (b) For 10 consecutive test landings, the pressure was recorded on another plane
: as follows:

lendingnumber | 1 2 3 4 5 5 7 g 5 19
Pressure 865 850 841 820 815 789 831 765 730 725

Make a control chart and plot the data on the chart. Would you say the pres-
sure is “in control” or not? Explain your answer. Identify any out-of-conrrol
signals by type (I, II, or III).
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210 sivr Lty Instead of hearing the jingle of prices being rung up
manually on cash registers, we now hear the beep of prices being scanned by -
¢ electronic scanners. How accurare is price scanning? There are errors, and
: according to a Denver Post article, when the error occurs in the store’s favor, it is
larger than when it occurs in the customer’s favor. An investigation of large dis-
- count stores by the Colorado state inspectors showed that the average error i
: the store’s favor was $2.66. Assume that the distribution of scanner errors s -
" more or less mound-shaped. If the standard deviation of scanner errors {in the :
 store’s favor) is $0.85, use the empirical rule to -
- {a) estimate a range of scanner errors centered about the mean in which 68% of .
: the errors will lie.
- (b) estimate a range of scanner errors centered about the mean in which 95 % of -,
; the errors will lie.
; {c) estimate a range of scanner errors centered about the mean in which almost
all che errors will lie, :

22, Crsininor Diunslsiois + The Customer Service Center in a large New York =
; department store has determined thart the amount of time spent with a customer -
. about a complaint is normally distributed, with a mean of 9.3 minutes and a -
 standard deviation of 2.5 minutes. What is the probability that for a randomly
 chosen customer wich a complains, the amount of time spent resolving the com-
! plaint will be
i (a} less than 10 minutes?
: {b) longer than 5 minutes?
i {c} berween 8 and 15 minuzes?

E

P il Fligie jor Life The Flight for Life emergency helicopter service is avail-
- able for medical emergencies occurring from 15 to 90 miles from the hospital.
; Emergencies that occur closer to the hospital can be handled effectively by ambu-
i lance service. A long-term study of the service shows that the response time from °
! receipt of the disparch call to arrival at the scene of the emergency is normally dis-
. tributed, with 2 mean of 42 minutes and a standard deviation of 8 minutes. For a.
! randomly received call, whar is the probability that the response time will be

‘ {a) berween 30 and 45 minutes?

i (b) less than 30 minures?

i (¢} longer than 60 minutes?

24 HER > How easy is it to contact a person in Sacramento,
- California? If you don’t know the telephone number, it could be difficult. The
“ data from Survey Sampling of Fairfield, Connecticut, reported in American -
| Demographics, show that 68% of the telephone-owning households in’
- Sacramento have unlisted numbers. For a random sample of 150 Sacramento
* households with telephones, what is the probability chat
i (a) 100 or more have unlisted numbers?
. {b) fewer than 100 have unlisted numbers?
i {c} between 50 and 65 {including 50 and 63) have listed numbers?
250 ledinels Tiuad Tyiee Blood type AB is found in only 3% of the population
Textbook of Medical Physiology, by A. Guyton, M.D.}. If 250 people are cho-
: sen at random, what is the probability that
“{a) 5 or more will have this blood type?
- {b) between § and 10 will have this blood type? .

I LOCIVEE

DATA HIGHLIGHTS: Break into small groups and discuss the following topics. Organize a brief outline in
GROUP PROJECTS which you summarize the main points of your group discussion.

1. Examine Figure 6-37. Government documents and the Census Bureau show that
the age at first marriage for U.S. citizens is approximately normally disrributed
for both men and women. For men, the average age is about 27 years, and for




R i

A T R AT R TR R

FIGURE §-37.

Medtan Age at First Marriage
st
304
254
20+
15+
10+
51

0

Data Highlights: Group Projects 285
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women, the average is abour 24 years. For both sexes, the standard deviation is

about 2.5 years.

{2) I the distribution is symmetrical and mound-shaped (such as the normal distri-
bution), why would you expect the median, mean, and mode to e equal?

(b} Consider the age at first marriage in 1995, What is the probability that a man
selected at random was over age 30 at the time of his first marriage? What is the
probability that he was under age 20? What is the probability thar he was
between 20 and 307

(c) Consider the age at first marriage in 1995, What is the probability that a woman
sefected ar random was over age 28 at the time of her first marriage? What is the
probability thar she was under age 182 Whar is the probability thar she was
between 18 and 282

(d) At what age were only 10% of eligible men {who had never been married before)
unmarried? Ar what age were only 5% unmarried?

{e) At what age were only 10% of eligible women {who had never been married
before) unmarried? Ar what age were only 5% unmarried?

{f) The Census Bureau tracks data abour marriages and age at first marriage. The
Statistical Abstract of the United States is published each year and contains tables
giving this information. For more information, visit the Brase/Brase statistics site at
college.hmco.com/pic/braseUS9e and find the link to the Census Bureau. Look for
marriage under the subject index, and follow the links to the table. Using either the
Abstract or the Census Bureau web site, find the most recent information about
median age at first marriage. Although the median age changes from year 1o year,
the standard deviarion usually does nor change much. Under the assumption that
the age at first marriage follows a distribution that is approximately normal, the
meant age at first marriage equals the median age. Using a standard deviation of
about 2.5 years, repeat pars (b) through (e) for the most recent year for which
median age at first marriage is available,

Examine Figure 6-38, “Time Shopping.”

(a) Notice that 52% of the people who £0 to a shopping center spend less than 1
hour. Howevey, the figure also states that people spend an average of 69 minutes
on each visit to a shopping center. How could both these claims be correct? Write
a brief, complete essay in which you discuss mean, median, and mode in the
context of a symmetrical distriburion. Also discuss mean, median, and mode for
distributions that are skewed lefr, for rhose skewed right, and for general
distributions. Then answer the following question: How could 52% of the people
spend less than 1 hour in the shopping center if the average (we don’t know
which average was used) time spent was 69 minutes?

FIGURE 6-38

Time Shopping
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{b) Ala Moana Shopping Center in Honolulu is sometimes advertised as the largest
shopping center for 2500 miles and the best shapping center in the middle of the
Pacific Ocean. There are many interesting Hawaiian, Asian, and other ethnic
shops in Ala Moana, so this center is a favorite of rourists. Suppose a tour group
of 75 people has just arrived at the shopping center. The International Council of

) Shopping Centers indicates that 86% (52% plus 34%) of the people will spend

| less than 2 hours in a shopping center. Let us assume this statement applies to our

tour group,

(i} For the tour group of 75 people, what is the expected number who finish
shopping on or before 2 hours? Whar is the standard deviation? _

(i) For the tour group of 75 people, what is the probability that 55 or more will

finish shopping in 2 hours or less?

(iii} For the tour group, what is the probability that 70 or more will finish

shopping in 2 hours ar less?

{iv). Wha is the probability that berween 50 and 70 {including 50 and 70) peo-

ple in the tour group will finish shopping in 2 hours or less?

(v) If you were a tour director, how could you use this information to plan an
appropriate length of time for the stop at Ala Moana shopping center? You
do not want to frustrate your group by allowing too little time for shopping,
but you also do not want to spend too much time at the center.

LINKING CONCEPTS: Discuss each of the following topics in class or review the topics on vour own. Then
WRITING PROJECTS write a brief but complete essay in which you summarize the main points. Please -
include formulas and graphs as appropriate. :

1. Ifyou look up the word normal in a dictionary, you will find that it is synonymous
with the words standard or usual. Consider the very wide and general applica-
tions of the normal probability distribution. Comment on why good synonyms
for normal probability distribution mighe be standard probability distribution or.
usual probability distribution. List at least three random variables from everyday
life to which you think the normal probability distribution could be applicable.

2. Why are standard z values so important? Is it true that z values have no units of
measurement? Why would this be desirable for comparing data sets with differ
ent units of measnrement? How can we assess differences in quality or perform- .
ance by simply comparing z values under a standard normal curve? Examine the
formula for computing standard z values. Notice that it involves both the mean
and standard deviarion. Recall that in Chapter 3 we commented that the mean of
a dara collection is not entirely adequate to describe the data; you need the stan
dard deviation as well. Discuss this topic again in light of what you now know
about normal distriburions and standard z values. ‘

3. If you look up the word empirical in a dictionary, you will find that it means
“relying on experiment and observation rather than on theory.” Discuss the
empirical rule in this context. The empirical rule certainly applies to the normal
distribution, but does it also apply to a wide variety of other distributions that ;
are not exactly (theoretically) normal? Discuss the terms mound-shaped and
symmetrical. Draw several sketches of distriburions that are mound-shaped and -
symmetrical. Draw sketches of distributions thar are not mound-shaped or sym-
metrical. To which distributions will the empirical rule apply? '

4. Most companies that manufacture a product have a division responsible for
quality control or quality assurance. The purpose of the quality-control division
is to make reasonably certain that the products manufactured are up to company
standards. Write a brief essay in which you describe how the statistics you have
learned so far could be applied to an industrial application {such as contro.
charts and the Antlers Lodge example).




UsING TECHNOLOGY

- Application 1
- How much money do people earn in a month? One

. way to answer this question is to look at government
.. zmployees. The average earnings of a city government

=mployee for the month of March are given for a sample
2 40 large cities in the United States (Statistical Abstract
{ the United States, 120th Edition).

.+ To compare the earnings from one city to another, we
will look at z values for each city. Use the sample
mean and sample standard deviation to compute the z
values. You may do this “by hand” using a calculator,
or you may use a computer software package.

. Look at the z values for each salary. Which are above
. ‘average? Which are below average?

(c} Which salaries are within 1 standard deviation of the
mean?

Technology Hints: Standardizing

Raw Scores

“Tt-84Plus/TI-83Plus

On the TI-84Plus and TI-83Plus calculators, enter the
salary darta in list L;. Then use » STAT » CALC »
1-Var Stats to compute the sample mean X and the
standard deviarion s. Then go back to » STAT » EDIT.
Arrow up to the header label L. At the L, = prompt,
type in {x — x)/s and press Enter. You will find the ¥ and s
symbols under the » VARS » Statistics ... keys. The z
values will then appear in list Ls.

Average Earnings (8) for March City Average Earnings {$) for March
suguergue 2494 Memphis 2973
horage 3571 Miami 3654
3069 Milwaukee 3636
2494 Mabile 3756
3229 New York 3694
3961 Newark 2507
3526 Norfolk 2577
3399 Oakland 5084
2899 Philadelphia 3511
3326 Phoenix 3909
3324 Portland 2859
3301 Raleigh 3026
3479 San Antonio 2427 ;
2813 San Diego 4072 i
2756 San Francisco 4487 ‘ "
3023 San Jose 5227
2882 Seatile 4462
4512 St. Louis 3033
4534 Washington, D.C. 3725
2674 Wichita 2928




“Excel

In Excel, you need to compute the sample mean X and
standard deviation s ahead of time. To do so, enter the
salary dara in column A. To compute X, use the menu
choices » Paste function » Sratistical > AVERAGE.
To compute s, use the menu choices » Paste function
» Statistical » STDEV, Finally, to generare the z
values, use the menu choices » Paste function

» Statistical » STANDARDIZED. Remember
to highlight the cell in which you want each value to
appear before you use the commands.

Minitab:
In Minitab, enter the salaries in column C1. To generate z
values and store the results in column C2, use the follow-
ing menu choices: » Cale > Standardize. In the dialogue
box, select C1 for the input column and C2 for the output
column. Then choose the option “subtract mean and-di-
vide by standard deviarion.” Minitab will compute the
sample mean ¥ and standard deviation s for the salaries
and then compute z using the formula z = (x — X)fs.

Enter your data in one column. Use the menu choices
Analyze » Descriptive Statistics » Descriptives. In the
dialogue box, move the variable containing data into the
variables box. Check the option “Save standardized
values as variables.” Standardized values will appear in a
column of the data editor.

Application 2

How can we derermine if data originated from a normal
distribution? We can look at a stem-and-leaf plot or
histogram of the data ro check for general symmetry,
skewness, clusters of data, or outliers. However, a more
sensitive way to check that a distribution is normal is to
look at a special graph called a normal quantile plot (or a
variation of this plot called a normal probability plot in
some software packages). It really is not feasible to make
a normal quantile plot by hand, buc statistical software
packages provide such plots. A simple version of the basic
idea behind normal quantile plots involves the following
process:

{a) Arrange the observed data values in order from small-
est to largest, and determine the percentile occupied by
each value. For instance, if there are 20 data values,
the smallest datum is at the $% point, the next small-
est is at the 10% point, and so on.
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{b} Find the = values thar COLIESPOTIU LU LIS PeLhittin
points. For instance, the z value that corresponds to
the percentile 5% {i.e., percent in the left tail of the
distribution) is z = ~1.643.

(c) Plot each data value x against the corresponding
percentile z score. If the data are close to a normal
distribution, the plotted points will lie closetoa
straight line. (If the dara are close to a standard
normal distribution, the points will lie close to the

line x = z.)

The actual process that statistical sofware packages
use to produce the z scores for the data is more
complicated.

Interpreting normal quantile plots

If the points of a normal quantile plot lie close toa
straight line, the plot indicates that the data follow
a2 normal distribution. Systematic deviations from
a straight line or bulges in the plot indicate that
the data distribution is not normal, Individual
points off the line may be outliers.

Consider Figure 6-39. This figure shows Minitab-
generated quantile plots for two data sers. The black
dots show the normal quantile plot for the salary data
of the first application. The red dots show the normal
quantile plot for a random sample of 42 data values
drawn from a theoretical normal distribution wich the
same mean and standard deviation as the salary data
(= 3421, 0 = 709).

FIGURE -39 Normal Quantile Plots

« Salary data for (city) government employees

= A random sample of 42 values from a theoretical
normal distribution with the same mean and
standard deviation as the salary data

5000~ .
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(a) Do the black dots lie close to a straight line? Do the
salaries appear 1o follow a rormal distribution? Are




there any outliers on the low or high side? Would vou
say that any of the salaries are “out of line” fora
normal distribution?

51 Do the red dots lie close to a straight line? We know
the red dots represent a sample drawn from a normal
distribution. Is the normal quanile plot for the red
dots consistent with this fact? Are there any outliers
shown?

Technology Hints

1-84Plus/TI-83Plus
iter the dara. Press STATPLOT and select one of the

ots. Highlight ON. Then highlighe the sixth plot option.

ta get a plot similar to that of Figure 6-39, choose Y as
data axis,

-Minitab.

Minitab has several tvpes of normal quantile plors that use
different types of scales. To create a normal quantile plot
stmilar to that of Figure 6-39, enfer the data in column Ci.
Then use the menu choices Cale » Calculator. In the
dialogue box listing the functions, scroll to Normal Scores.
Use NSCOR(C1) and store the results in column C2.
Finally, use the menu choices Graph » Plot. In the
dialogue box, use C1 for variable y and C2 for variable x.

Enter the data. Use the menu choices Analyze »
Descriptive Statistics » Explore. In the dialogue box,
move your data variable to the dependent list. Check
Plots. . . . Check “Normality plots with tests.” The graph
appears in the output window,
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CHAPTERS 4-6

The Hill of Tara is located in south
central Meath, not far from Dublin,
Ireland. Tara is of grear culrural and
archaeological importance, since it is by
legend the seat of the ancient high kings
of Ireland. For more information, see
Tara: An Archaeological Survey, by Conor Newmian, Roval
Irish Academy, Dublin.

Magnetic surveying is one technique used by archaeol-
ogists to determine anomalies arising from variations in
magnetic susceptibility. Unusual changes in magneric sus-
ceptibility might (or might not} indicate an important
archaeological discovery. Let x be a random variable that
represents a magnetic susceptibility (MS) reading for a ran-
domly chosen site on the Hill of Tara. A random sample of
120 sites gave the readings shown in Table A below.

TABLE A Magnetic Susceptibility Readings,
centimeter-gram-second x 107° {emg x 107

Magnetic Number of  Estimated
Comment Susceptibility Readings  Probability
“cool” 0=x<10 30 30/120 = 0.25
"neutral” 0 =x<20 54 54/120 = 0.45
“warm” 20 = x < 30 18 18/120 = 0.15
“very 30 =x<40 12 12/120 = 0.10

interesting”

*hot spot” 40 = x 6 6/120 = 0.05
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| %)

 estimate the fol!owmg probabilities.
- (a) PO =x<30)
i (c) Plx <20}
S (e) P(30=x)

a “warm” region in w hxch all MS readings are 20
_higher. In this same region, what is the probabiii
-~ that you will find a “hot spor” in which the readiz:
: are 40 or higher? Use conditional probability to
" mate P(40 < x[20
. Secrion 6.3.

pomt of each mterval Ass1gn the value 435 as the mic
~point for the interval 40 = x. The midpoiz
- constitute the sample space for a discrete randes
 variable. Using Table A, compute the expected vak
* w and the standard deviation o. ’

Stafistica! Literaov: Somple Space What is a st
cal experiment? How could the magnetic suscepri:3
ity intervals 0 = x < 10, 10 = x < 20, and so on 4
considered events in the sample space of all po
readings?
Statistical Literacy: Frobabiliry What is probabiiiss
What do we mean by relative frequency as a prob
ity estimate for events? What is the law of large
bers? How would the law of large numbers appit
this context?
Staiistival Literaoy: Probability Distributios Do
probabilities shown in T ble A add up to 12 Wiy
should they total to 1?

: For a site chosen at randc

(b} P(10 = x < 40)
(d) P(x = 20)

(f} P(x not less than 10)
{g} P(O=x<100r40 =< x)
(h) P(4O Sxand20 = x)

* Suppose you are workmc

< x). Hint: See Problem 39

- Consider the m:

Midpeint x 5 15 25 35 45

P(x)

_ and 40 is cal[ed “vcry mceresrmg” from an archaeolos
. ical point of view. Let us say you take readings 3

. Suppose a reading between




- = 12 sites chosen at random, Let r be a binomial ran-
L dom variable that tepresents the number of “very jnger.
E. - esting” readings from these 12 sites,
= {a) Ler us cali “very interesting” a binomial success.
Use Table A to find b, the probability of success on
a single trial, where P = P(success) = P(30 = x <
40).
(b) What is the expected value u and standard devia-
tion & for the random variable >
. (c} What is the probability thar vou will find g7 least
one “very interesting” reading in the 12 sites?
(d} What is the probability that you will find fetwer
than three “very interesting” readings in the 12
sites?

SUSETL e T Suppose a “hot spot” is a site

: with a reading of 40 or higher,

(a) Ina binomial serting, let us call success a “hor
spot.” Use Table A to find P = P(success) = P(40
= x) for a single trial,

- (b} Suppose you decide to take readings ar random
until you get your first “hot spot.” Let » be a ran-
dom variable representing the trial on which you
get your first “hot spot.” Use the geometric proba-

: bility distribution ro write out a formula for P(u),

‘ {c} What is the probability that you will need more

than four readings to find the first “hor spot”?

Compute P(n > 4),

- archaeologist is looking for geomagnetic “hot spots”
~in an unexplored region of Tara. As in Problem 8, we
. have a binomial setting where success is a “hot spot.”
~In this case, the probability of success is p=P40 =
x). The archaeologist takes » = 100 magnetic suscepti-
bility readings in the new, unexplored area. Let # be a
binomia] random variable representing the number of
*hot spots” in the 100 readings.
ia) We want to approximate the binomial random
variable 7 by a Poisson distribution. Is this appro-
priate? What requirements must be satisfied before
we can do this? Do you think these requirements
are satisfied in this case? Explain. What is the
value of A2
} What is the probability thac the archaeologists wil]
find six or fewer “hor spots?” Hint: Use Table 4 of
-Appendix 11,
-< What s the probabiliry that the archaeologises wifl
find more than eight “hor spots™?

Se Suppose an

i0.

- gists use to describe the oxygen needed by fish and
. other
- Environmental Protection Agency conducted a study
- of a wetland area in Marin County, California. In this

S .- Consider a

- binomial setting in which “neurral” is defined to be a

success. S0 p = P(success) = P(10 = x < 20). Suppose

7 = 65 geomagneric readings are taken. Ler # be g

binomial random variable thar represents the number

of “neutral” geomagneric readings.

(a) We want to approximate the binomial random
variable r by a normal variable . Is this appropri-
ate? What requirements must be satisfied before
we can do this? Do you think these requirements
are satisfied in this case? Explain.

(b} What is the probability that there will be ar least
20 “neutral” readings out of these 65 trials?

~(c) Why would the Poisson approximation to the

binomial rot be appropriate in this case? Explain.

T Oxygen demand is a term biolo-

aquatic  organisms for survival, The

wetland environment, the mean oxygen demand was

. 4= 9.9 mg/L with 95% of the data ranging from 6.5
- mg/L 10 13.3 mg/L. (Reference: EPA Report 832-R-93-
| 005). Let x be a random variable that represents
- oxygen demand in this wetland environment. Assume
" x has a probability distribution that is approximately
 normal.

{a) Use the 95% data range to estimate the standard

deviarion for oxygen demand. Hinp: See Problem
31 of Section 6.3.

{b) An oxygen demand below 8 indicares that some

organisms in the wetland environment may be
dying. What is the probability that the oxygen
demand wili fall below 8 mgfL?

~{c} A high oxygen demand can also indicare trouble.

12.

An oxygen demand above 12 may indicate an
overabundance of organisms that endanger some
rypes of plant life, Whar is the probability that the
oxygen demand will exceed 12 mg/L?

Write a brief but complete essay in which
you describe the probability distriburions you have
studied so far, Which apply to discrete random vari-
ables? Which apply to continuous random variahles?
Under what conditions can the binomial distribution
be approximated by the normals by the Poisson?




