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0 12. Per-Pupil Expenditures The expenditures States is $297. Three states are randomly selected, and a
(in dollars) per pupil for states in three sections of the sample of weekly unemployment benefits is recorded
country are listed. Using o = (.05, can you conclude for each. At & = 0.05 is there sufficient evidence to
that there is a difference in means? conclude a difference in means? If s0, perform the
Eastern third Middle third Western third appropriate test to find out where the difference exists,
4946 6149 5282 Florida Pennsylvania Maine
5953 7451 8605 200 300 250
6202 6000 6528 187 350 195
7243 6479 6911 192 795 275
6113 235 362 260
Source: New York Times Almanae. 260 280 220
o 13. Weekly Unemployment Benefits The average 175 340 290
weekly unemployment benefit for the entire United Saurce: World Amanac.

m Two-Way Analysis of Variance

The analysis of variance technique shown previously is called a one-way ANOVA since
Objective B there is only one independent variable. The two-way ANOVA is an extension of the one-
Use the two-way way analysis of variance; it involves two independent variables. The independent vari-
ANOVA technique to ables are also called factors.

The two-way analysis of variance is quite complicated, and many aspects of the subject
should be considered when you are using a research design involving a two-way ANOVA.
For the purposes of this textbook, only a brief introduction to the subject will be given.

In doing a study that involves a two-way analysis of variance, the res

determine if there is a
significant difference

in the main effects or

interaction.

&
L ofeE)

For example, Suppose a researcher wishes to test the effects of two different types of
plant food and two differeng types of soil on the growth of certain plants. The two inde-
pendent variables are the type of plant food and the type of soil, while the dependent
variable is the plant growth, Other factors, such as water, temperature, and sunlight, are
held constant.
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Treatment Groups for
the Plant Food-5uil
Type Experiment

ol AT

As unlikely as it
sounds, lightning can
travel through phone
wires. You should
probably hold off on
taking a bath or
shower as well during
an electrical storm.
According to the
Annals of Emergency
Medicine, lightning
can also travel through
water pipes.
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Soil type

Plant food

Plant food A,
Soil type |

Two-by-two ANOVA

To conduct this experiment, the researcher sets up four groups of plants. See
Figure 12-2. Assume that the plant food type is designated by the letters A, and A, and
the soil type by the Roman numerals I and II. The groups for such a two-way ANOVA
are sometimes called treatment groups. The four groups are

Group 1 Plant food A}, soil type I
Group 2 Plant food A, soil type 1T
Group 3 Plant food A,, soil type I
Group 4 Plant food A,, soil type II

The plants are assigned to the groups at random. This design is called a 2 X 2 (read
“two-by-two™) design, since each variable consists of two levels, that is, two different
treatments.

The two-way ANOVA enables the researcher to test the effects of the plant food and the
soil type in a single experiment rather than in separate experiments involving the plant food
alone and the soil type alone. Furthermore, the researcher can test an additional hypothesis
about the effect of the interaction of the two variables—plant food and soil type-—on plant
growth. For example, is there a difference between the growth of plants using plant food 4,
and soil type IT and the growth of plants using plant food A, and soil type I? When a dif-
ference of this type occurs, the experiment is said to have a significant interaction effect.
That is, the types of plant food affect the plant growth differently in different soil types.
When the interaction effect is statistically significant the researcher should not consider the
effects of the individual factors without considering the interaction effect.

There are many different kinds of two-way ANOVA designs, depending on the num-
ber of levels of each variable. Figure 12-3 shows a few of these designs. As stated pre-
viously, the plant food—soil type experiment uses a 2 X 2 ANOVA.

The design in Figure 12-3(a) is called a 3 X 2 design, since the factor in the rows
has three levels and the factor in the columns has two levels, Figure 12-3(b) is a 3 X 3
design, since each factor has three levels. Figure 12-3(c) is a 4 X 3 design.

The two-way ANOVA design has several null hypotheses. There is one for each
independent variable and one for the interaction. In the plant food-soil type problem, the
hypotheses are as follows:

1. H,; There is no interaction effect between type of plant food used and type of soil
used on plant growth.

H,: There is an interaction effect between food type and soil type on plant growth.

2. H,: There is no difference in means of heights of plants grown using different foods. -
H,: There is a difference in means of heights of plants grown using different foods. _”5
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Variable 8 Variable 8
8 8, 8, 8, By
Some Types of .
Two-Way ANOVA A
Designs E ;
8 g4
Y = =
: A 1
3 B
3 (a) 3 x 2 design (b) 3 < 3 design
Variable 8
By B, By

Variable 4

(t) 4 x 3 design

3. Hy: There is no difference in means of heights of plants grown in different soil
types.

H,: There is a difference in means of heights of plants grown in different soil types.

The first set of hypotheses concerns the interaction effect; the second and third sets test
the effects of the independent variables, which are sometimes called the main effects,

As with the one-way ANOVA, a between-group variance estimate is calculated, and
a within-group variance estimate is calculated. An F test 1s then performed for each of
the independent variables and the interaction. The results of the two-way ANOVA are
summarized in 2 two-way table, as shown in Table 124 for the plant experiment.

>12-4  ANOVA Summary Table for Plant Food and Soil Type

St of Mean
Source squares d.f. square F

Plant food

Soil type

Interaction

Within (error)
Total

In general, the two-way ANOVA summary table is set up as shown in Table 12.5,

i 12-5  ANOVA Summary Table

Sum of Mean
Source squares d.f, square F
A Ss, a-—1 MS, Fy
B SS, b—1 MS, Fy
AXB SS.xs (a—Db-1) MS, s Faxa
Within (error) 8§, ab{n — 1) MS,,

Total
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In the table,

S$S, = sum of squares for factor A
$S,; = sum of squares for factor B
SS,«p = sum of squares for interaction
SS,y = sum of squares for error term (within-group)
a = number of levels of factor A

b = number of levels of factor B
r = number of subjects in each group
SS
MSA = a —A]_
S5
MS, = o1 _B i
__ SSaxs
MSaxe = G =10 - 1)
SSy
MSy abln — 1)
MS . :
F, = ﬁfv with d.fN. = a — 1, d.fD. = abln — 1)
_ MS, . . _ “
5= MS,, with df.N. = b 1,dfD. = abin —- 1} ;
Faxg = hﬁg:" with d.fN. = (@ — 1)(b — 1), dL£.D. = abln — 1)

The assumptions for the two-way analysis of variance are basically the same as those
for the one-way ANOVA, except for sample size.

1. The populations from which the samples were obtained must be normally or
approximately normally distributed.

2. The samples must be independent.
3. The variances of the populations from which the samples were selected must be equal.
4. The groups must be equal in sample size.

The computational procedure for the two-way ANOVA is quite lengthy. For this rea-
son, it will be omitted in Example 12-5, and only the two-way ANOVA summary table will
be shown. The table used in Example 12-5 is similar to the one generated by most com-
puter programs. You should be able to interpret the table and summarize the results,

M

Example 12-5 Gasoline Consumption ]

A researcher wishes to see whether the type of gasoline used and the type of automobile
driven have any effect on gasoline consumption. Two types of gasoline, regular and
high-octane, will be used, and two types of automobiles, two-wheei- and four-wheel-
drive, will be used in each group. There will be two automobiles in each group, for &
total of eight automobiles used. Using a two-way analysis of variance, the researcher
will perform the following steps.

Step 1 State the hypotheses.
Step 2 Find the critical value for each F test, using & = 0.05.
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Of Americans born
today, one-third of the
women will reach age
100, compared to only
10% of the men,
according 10 Ronald
Klatz, M.D., president
of the American
Academy of Anti-Aging
Medicine.
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Step 3  Complete the summary table to get the test value.
Step 4 Make the decision.

Step5 Summarize the resuls,

2

Solution

Step 1

Step 2

The data (in miles per gailon) are shown here, and the summary table is given in

Table 12-6.
Type of automobile
Gas Two-wheel-drive Four-wheel-drive
Regular 20.7 28.6
252 293
High-octane 323 26.1
32.8 242

Souce 88 d.f. MS F

Gasoline A 3.920
Automobile B 9.680
Interaction (A X B) 54.080
Within (error) 3.300

Total 70.980

State the hypotheses. The hypotheses for the interaction are these:

H,: There is no interaction effect between type of gasoline used and type of
automobile a person drives on gasoline consumption,

H,: There is an interaction effect between type of gasoline used and type of
automobile a person drives on gasoline consumption.

The hypotheses for the gasoline types are

Hy: There is no difference between the means of gasoline consumption for
two types of gasoline.

Hy: There is a difference between the means of gasoline consumption for two
types of gasoline.

The hypotheses for the types of automobile driven are

Hy: There is no difference between the means of gasoline consumption for
two-wheel-drive and four-wheel-drive automobiles.

H,: There is a difference between the means of gasoline consumption for two-
wheel-drive and four-wheel-drive automobiles.

Find the critical values for each F test. In this case, each independent variable,
or factor, has two Jevels, Hence, a2 X 2 ANOVA table is used. Factor A is
designated as the gasoline type. It has two levels, regular and high-octane:
therefore, a = 2. Factor B is designated as the automobile type. It also has

12-23
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two levels; therefore, b = 2. The degrees of freedom for each factor are as
follows:

Factor A: dfiN.=a—-1=2-1=1
Factor B: dfN.=b—-1=2-1=1
Interaction (A X B): dfN. =@~ 1)}b—1)
=2-DR2-DH=1-1=1
Within (error): dfD. =ab(n - 1)
=2-22-1)=4

where n is the number of data values in each group. In this case, n = 2.

The critical value for the F, test is found by using & = 0.05, dfN. =1,
and d.f.D. = 4. In this case, F, = 7.71. The critical value for the Fj, test is
found by using ¢ = 0.05, dfN. = 1, and d.£.D. = 4; also Fis 7.71.

Finally, the critical value for the F, g test is found by using d.fN. = | and
d.fD. = 4;itis also 7.71.

Note: If there are different levels of the factors, the critical values will not
all be the same. For example, if factor A has three levels and factor b has four
levels, and if there are two subjects in each group, then the degrees of
freedom are as follows:

dfN.=a—1=3-1=2 factor A
dfN.=b—1=4-1=3 factor B
dfN.=@- DG -D=3-1)4-1)

=2-3=6 factor A X B
dfiN.=ab(n—1)=3-42~ 1) =12 within (error) factor

Step 3 Complete the ANOVA summary table to get the test values. The mean squares
are computed first.

MS, = f—% = % =3.920
MS; = bsff‘l = % = 9.680

Maxe = g —Sf)?;"’- D@ = T)(()zgo— p 4080
MSy, = ab(i S_"f’ 0= 3'3;00 = 0.825

The F values are computed next.

_MS, _ 3.920

= =02 = 4752 dfN.=a—-1= fD. = —1)=4
Fy MS, ~ 0.825 a 1 dfD. = abln — 1)
MS;  9.680 _
.—_——«4—:——-—=11_733 d.f.N.':b— = = ——] "‘4
Fy MS, = 0.825 1=1 dfD. = abln — 1} =4
MSpxp _ 4080 _ 5550  dEN.=(a—1)b—1)=1 dfD.=abln - 1) =4

Faxe = Mg, ~ 0825
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The completed ANOVA table is shown in Table 12-7.

"o 127 ompleted ANOVA Sty Tabl for Exanle 12-5

Source S8 d.f. MS F

Gasoline A 3.920 1 3.920 4.752
Automobile B 9.680 1 9.680 11.733
Interaction (4 X B) 54.080 1 54.080 65.552
Within (error) 3.300 4 0.825

Total 70.980 7

Step 4 Make the decision. Since F g = 11.733 and F,, ; = 65.552 are greater than the
critical value 7.71, the null hypotheses concerning the type of automobile
driven and the interaction effect should be rejected. Since the interaction
effect is statistically significant no decision should be made about the
automobile type without further investigation.

Step 5 Summarize the results. Since the null hypothesis for the interaction effect was
rejected, it can be concluded that the combination of type of gasoline and
type of automobile does affect gasoline consumption.

In the preceding analysis, the effect of the type of gasoline used and the effect of the
type of automobile driven are called the main effects. 1f there is no significant interaction
effect, the main effects can be interpreted independently. However, if there is a signifi-
high as 5 miles. cant interaction effect, the main effects must be interpreted cautiously.

To interpret the results of a two-way analysis of variance, researchers suggest draw-
ing a graph, plotting the means of each group, analyzing the graph, and interpreting the
results. In Example 12-5, find the means for each group or cell by adding the data values
in each cell and dividing by n. The means for each cell are shown in the chart here.

Type of automobile
Gas Two-wheel-drive Four-wheel-drive
Regular X= 39‘22125—'2 =2595 X = gg.es;r_zsw.g =28.95
High-octane X= 3—2}# = 32.55 X= 2—6*22—243 = 25.15

The graph of the means for each of the variables is shown in Figure 12-4. In this
graph, the lines cross each other. When such an intersection occurs and the interaction is
significant, the interaction is said to be a disordinal interaction. When there is a disor-
dinal interaction, you should not interpret the main effects without considering the
interaction effect.

The other type of interaction that can occur is an ordinal interaction. Figure 12-5
shows a graph of means in which an ordinal interaction occurs between two variables, The
lines do not cross each other, nor are they parallel. If the F test value for the interaction is
significant and the lines do not cross each other, then the interaction is said to be an ordinal
interaction and the main effects can be interpreted independently of each other.

Finally, when there is no significant interaction effect, the lincs in the graph will
be parallel or approximately parallel. When this situation occurs, the main effects can
be interpreted independently of each other because there is no significant interaction.
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Graph of the Means
of the Variables in
Example 12-5

Graph of Two Variables
Indicating an Ordinal
Interaction

33+

32+

3t

30+

26+

251

[l 1
T T -

Two-wiheel Four-wheel
Reguiar

e High-oclane

¥

Regular

High-octane

Figure 12-6 shows the graph of two variables when the interaction effect is not signif
cant; the lines are parallel. :

Example 12~-5 was an example of a 2 X 2 two-way analysis of variance, since each :
independent variable had two levels. For other types of variance problems, such as .
3 X 2 or a 4 X 3 ANOVA, interpretation of the results can be quite complicated. Proce
dures using tests such as the Tukey and Scheffé tests for analyzing the cell means exist ;
and are similar to the tests shown for the one-way ANOVA, but they are beyond the scope
of this textbook. Many other designs for analysis of variance are available to researchers
such as three-factor designs and repeated-measure designs; they are also beyond the
scope of this book. _
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g Graph of Two Variables
Indicating No
Interaction

wmem—a High-octane Regular

In summary, the two-way ANOVA is an extension of the one-way ANOVA. The for-
mer can be used to test the effects of two independent variables and a possible interac-
tion effect on a dependent variable.

Applying the Concepts 12-3

Automobile Sales Techniques

The following outputs are from the result of an analysis of how car sales are affected by the
experience of the salesperson and the type of sales technique used. Experience was broken up
into four levels, and two different sales techniques were used. Analyze the results and draw
conclusions about level of experience with tespect to the two different sales techniques and
how they affect car sales,

Two-Way Analysis of Variance
Analysis of Variance for Sales

Source DF 55 MS

Experience 3 3414.0 1138.0

Presentation 1 6.0 6.0

Interaction 3 414.0 138.¢

Errer 16 838.0 52.4

. Total 23 4672.0

Individual 95% cI

Experience Mean  ----- o Fmm e Frmm— o o

1 62.0 (-~——- oo }

2 63.0 (--—-- Fommmm )

3 78.0 {~—~--- oo )

4 91.0 (-——-- Fomoem )
————— it TP

60.0 70.0 80.0 90.0

Tndividual 95% CI

Presentation Mean — ——---- Fm e o mmme o P e

1 74.0 {(mmmm o L )

2 : 73,0 (mmemmmmeee R )
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Interaction Plot — Means for Sales

| SR Experience
90 + e e L g1
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c 3
80+ O .o 4
g e e 1
= o R
e - 3
BRI e | o 4
R
.
; }
t 2
Presentation
See page 668 for the answers.
Exercises 12-3 %
1. How does the two-way ANOVA differ from the one- 9. Describe what the graph of the variables would
way ANOVA? look like for each situation in a two-way ANOVA
experiment.
2. Explain what is meant by main effects and interactio . .
eg‘gc?m what s 4 i tterachion a. No interaction effect occurs.
b. An ordinal interaction effect occurs.
3. How are the values for the mean squares computed? ¢ A disordinal interaction effect occurs.

N
4. How are the F" test values computed? For Exercises 10 through 15, perform these steps.

Assume that all variables are normally or
approximately normally distributed, that the samples
are independent, and that the population variances are
equal.

5. In a two-way ANOVA, variable A has three levels and
variable B has two levels, There are five data values in
each cell. Find each degrees-of-freedom value.

d.f.N. for factor A

d.f.N, for factor B b

d.f.N. for factor A X B ¢

d.£.D. for the within (exror) factor d

e

a. State the hypotheses.
Find the critical value for each F test.
Complete the summary table and find the test value.

a6 &R

Make the decision.

6. In a two-way ANOVA, variable A has six levels and Summarize the results. (Draw a graph of the cell
variable B has five levels. There are seven data values in means if necessary.)
each cell. Find each degrees-of-freedom value,

10. Increasing Plant Growth A gardening company

@ d£N. for factor A is testing new ways to improve plant growth. Twelve

b, d.fN. for factor B plants are randomly selected and exposed to a

c. d.fN.for factor A X B . combination of two factors, a “Grow-light” in

d. d.£D. for the within (error) factor t\h:o different strengths and a plant food supplement
with different mineral supplements. After a number

7. What are the two types of interactions that can occur in of days, the plants are measured for growth and
the two-way ANOVA? ltahe results (in inches) are put into the appropriate
OXes.

8. When can the main effects for the two-way ANOVA be
interpreted independently?

12-28




Grow-light 1
9.2,94,89
7.1,72,8.5

Grow-light 2
8.5.9.2,89
55,58,76

Plant food A
Plant food B

Can an interaction between the two factors be
concluded? Is there a difference in mean growth
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listed below for two temperature anc humidity levels.
Can an interaction between the two factors be
concluded? Is there a difference in mean length of
effectiveness with respect to humidity? With respect to
temperature? Use e = 0.05.

Temperature 1 Temperature 2

—ﬂ

with respect to light? With respect to plant food? Humidity 1 35,25, 26 35,31, 37 7
Use & = 0.05.
Humidity 2 28,22,21 23,19, 18 l
11. Environmentally Friendly Air Freshener Asa new
ty I;e © f ecfimr?nme(:jnt.al_ly fnen(;ily, naturil arllr frfh‘a’ner 12. Home-Building Times A contractor wishes to see
li‘f cing fevc oped, it is t;slie t.(zi.see ?{c et ir tl e b " whether there is a difference in the time (in days) it
¢ f ects (:h ten}llperamre_ an ff um l,?(ha ect L © enfg; takes two subcontractors to build three different types of
oh tml:e _atft ehscent}xls;: ecftw_ef:] N ;mml e;s ol cays homes. At @ = 0.05, analyze the data shown here, using
that the air freshener had a significant level of scent are a two-way ANOVA. See below for raw data,
Data for Exercise 12
Home type

Subcontractor I I 111
A 25, 28,26, 30,31 30, 32, 35, 29, 31 43,40, 42, 49, 48
B 15, 18,22, 21,17 21,27,18, 15,19 23, 25,‘24, 17,13
ANOYA Summary Table for Exercise 12 Dry additive 1  Dry additive 2
Source S df. MS F  Solution additive A 9,8,5,6 4,589 |
Subcontractor 1672.553 Solution additive B 7,7,6,8 10,8,6,7 J
Home type 444 867
InFcrgctlon 353‘267 Can an interaction be concluded between the dry and
Within iﬁg‘l solution additives? Is there a difference in mean

Total 2759.487 durability rating with respect to dry additive used? With

respect to solution additive? Use o = 0.05.
13. Durability of Paint A pigment laboratory is testing both

dry additives and solution-based additives to see their
effect on the durability rating (a number from 1 to 10) of
a finished paint product. The paint to be tested is divided
into four equal quantities, and a different combination of
the two additives is added to one-fourth of each quantity.
After a prescribed number of hours, the durability rating
is obtained for each of the 16 samples, and the results are
recorded below in the appropriate space.

: 14, Types of Qutdoor Paint Two types of outdoor

paint, enamel and latex, were tested to see how long
(in months) each lasted before it began to crack, flake,
and peel. They were tested in four geographic locations
in the United States to study the effects of climate on
the paint. At @ = 0.01, analyze the data shown, using a
two-way ANOVA shown below. Each group contained
five test panels. See below for raw data.

Data for Exercise 14

Geographic location

Type of paint North East South West
Ename!? 60, 53, 58, 62, 57 34,63,62,71,76 80, 82, 62, 88, 71 62,76, 55, 48, 61
Latex 36, 41, 54, 65,53 62, 61,77, 53, 64 68,72,71,82, 86 63, 65,72,71, 63
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ANOVA Summary Table for Exercise 14

r 12 Analysis of Variance

the data shown, using a two-way ANOVA. Sales are

given in hundreds of dollars for a randomly selected

Source SS d.f. MS F
month, and five salespeople were selected for each group.
Paint type 12.1
Location 2501.0 ANOVA Summary Table for Exercise 16
Interaction 268.1
Within 2196.8 Source SS d.f. MS F
Age 168.033
Total 5108.0 g
ot Product 1,762.067
15. Age and Sales A company sells three items: Interaction 7,955.267
swimming pools, spas, and saunas. The owner decides to Within 2,574.000
see whether the age of the sales representative and the Total 12,459.367

type of item

Data for Exerci

affect monthly sales. At @ = 0.03, analyze

se 15

Product
Age of
salesperson Pool Spa Sauna
Over 30 36,23, 52,28, 35 43,25, 16, 27, 32 47,43,52,61,74
30 or under 16, 14, 18, 27, 31 58,62, 68,72,83 15, 14,22, 16, 27

MINITAB
Step by Step

iy Step by Step

Two-Way Analysis of Variance
For Example 12-5, how do gasoline type and vehicle type affect gasoline mileage?

1. Enter the data into three columns of a worksheet. The data for this analysis have to be
“stacked” as shown.

All the gas mileage data are entered in a single column named MPG.

a)
b} The second column contains codes
identifying the gasoline type, a 1 for

regular or a 2 for high-octane.

c1 2 a3
" MPG jGasCode{TypeCode
67 1
252,

The third column will contain codes
identifying the type of automobile,
1 for two-wheel-drive or 2 for
four-wheel-drive.

c)

. Select Stat>ANOVA>Two-Way.
a) Double-click MPG in the list box.

b) Double-click GasCode as
Row factor.

Double-click TypeCode as
Column factor.

Check the boxes for Display
means, then click [OK].

The session window will contain the
results.

c)

L

d)

Two-Way Analysis of Variance

e
o nispsa&@
Column factor:  [TypeCode Fiisﬂj@

Response:

Row fadtar:




